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Abstract. It is proved that for every integer k

3, for every (simple)
series-parallel graph G with maximum degree at most k, and for every
collection (L(e) : e 2 E (G)) of sets, each of size at least k, there exists a
proper edge-coloring of G such that for every edge e 2 E (G), the color
of e belongs to L(e).

1. Introduction
List colorings are a generalization of usual colorings that recently attracted considerable attention, cf. 1, 8, 9, 11]. Originally, list colorings
were introduced by Vizing 12] and Erd}os, Rubin, and Taylor 6] in the
seventies. The de nition of a list edge-coloring is as follows. Let G be a
multigraph. An edge-list assignment L : E (G) ! P (N ) is a function that
assigns to each edge e of G a set (or a list ) L(e) of admissible colors . A function  : E (G) ! N is an L-edge-coloring if (e) 2 L(e) for every e 2 E (G),
and (e) 6= (f ) for every pair of adjacent edges e f 2 E (G). A graph G is
k-edge-choosable if it has an L-edge-coloring for every edge-list assignment
L such that jL(e)j  k for each e 2 E (G).
Our work is motivated by the following conjecture, which apparently rst
appeared in 3], but was considered by many other researchers (see 8, Problem 12.20]).
Conjecture 1.1. Every graph G is k-edge-choosable, where k is the chromatic index of G.
Conjecture 1.1 holds for bipartite multigraphs by a result of Galvin 7], for
3-regular planar graphs as noticed by Jaeger and Tarsi (unpublished), and
for d-regular d-edge-colorable planar multigraphs by a result of Ellingham
and Goddyn 5].
Conjecture 1.1 is regarded as very dicult. For instance, even the special
case of complete bipartite graphs K , formerly known as Dinitz' conjecture,
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was open since 1978 until Galvin's result mentioned above. In light of that
it seems reasonable to study special classes of graphs, in the hope of either
nding a counterexample, or gaining more insight. The purpose of this
paper is to show that Conjecture 1.1 holds for series-parallel graphs, thus
eliminating one natural class of possible counterexamples. The proof can
be used to design a linear time algorithm to list-edge color series-parallel
graphs.
2. Two lemmas
A graph is series-parallel if it has no subgraph isomorphic to a subdivision
of K4 . It is well-known 4] that every (simple) series-parallel graph has a
vertex of degree at most two.
Lemma 2.1. Every non-null series-parallel graph G has one of the following:
(a) a vertex of degree at most one,
(b) two distinct vertices of degree two with the same neighbors,
(c) two distinct vertices u v and two not necessarily distinct vertices w z 2
V (G)nfu vg such that the neighbors of v are u and w, and every neighbor of u is equal to v, w, or z , or
(d) ve distinct vertices v1  v2  u1  u2  w such that the neighbors of w are
u1  u2  v1  v2 , and for i = 1 2 the neighbors of v are w and u .
Proof. We proceed by induction on the number of vertices. Let G be a nonnull series-parallel graph, and assume that the result holds for all graphs on
fewer vertices. We may assume that G does not satisfy (a), (b), or (c). Thus
G has no two adjacent vertices of degree two. By suppressing all vertices
of degree two (that is, contracting one of the incident edges) we obtain a
series-parallel multigraph without vertices of degree two or less. Therefore,
this multigraph is not simple. Since G does not satisfy (b), this implies that
G has a vertex of degree two that belongs to a cycle of length three. Let G
be obtained from G by deleting all vertices of degree two that belong to a
cycle of length three. First notice that if G has a vertex of degree less than
two, then the result holds for G (cases (a), (b), or case (c) with w = z ).
Similarly, if G has a vertex of degree two that does not have degree two in
G, then the result holds (one of the cases (b){(d) occurs). Thus we may
assume that G has minimum degree at least two, and every vertex of degree
two in G has degree two in G. By induction, (b), (c), or (d) holds for G ,
but it is easy to see that then one of (b), (c), or (d) holds for G.
When case (d) of Lemma 2.1 occurs, the graph from Figure 1 has to
be colored. The existence of an appropriate coloring is guaranteed by the
following lemma.
Lemma 2.2. Let G be the graph from Figure 1 and let L be an edge-list
assignment for G such that jL(e)j  2 if e is incident with u1 or u2 , and
jL(e)j  4 otherwise. Then G admits an L-edge-coloring.
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Figure 1. A special graph with the numbers of remaining colors.

Proof. Suppose rst that there is a color c 2 L(v1 u1 ) \ L(u2 w). Color
v1 u1 , u2 w by c and u1 w, v2 u2 arbitrarily. Since v1 w retains at least two
admissible colors, the coloring can be extended to G. So, assume that
L(v1 u1 ) \ L(u2 w) = . Suppose now that there is a color c 2 L(u1 w)
such that jL(v1 u1 )nfcgj  2. Color u1 w by c and u2 w, v2 u2 arbitrarily.
Since v1 u1 still has at least 2 admissible colors, we can choose the color for
v1 u1 such that v1 w and v2 w are left with distinct admissible colors. By
symmetry, the remaining case is L(v1 u1 ) = L(u1 w), L(u2 w) = L(v2 u2 ), and
hence L(u1 w) \ L(u2 w) = . In this case it is easy to check that at least
three of the four L-colorings of v1 u1 , u1 w, u2 w, v2 u2 can be extended to
G.

3. List edge-colorings of series-parallel graphs
The following theorem is the main result of the paper.
Theorem 3.1. Let k  3 be an integer, and let G be a series-parallel graph
with maximum degree at most k. Then G is k-edge-choosable.
Proof. We proceed by induction on jV (G)j + jE (G)j. The theorem clearly
holds for the null graph, and so let G be a series-parallel graph with at least
one vertex, and let L be an edge-list assignment with jL(e)j  k for every
edge e 2 E (G). By Lemma 2.1 one of (a){(d) of that lemma holds. If (a)
holds, then the theorem follows by induction applied to the graph G ; v,
where v is a vertex of G of degree at most one. Assume next that (b) holds,
and let u1 , u3 be two vertices of degree two in G with the same neighbors,
say u2 and u4 . Then fu1  u2  u3  u4 g is the vertex-set of a 4-cycle C in G.
Let G be obtained from G by deleting the edges of C . Then G has an
L-edge-coloring by the induction hypothesis, and this L-edge-coloring can
be extended to an L-edge-coloring of G, because every edge of C is incident
with at most k ; 2 edges of G .
If (d) of Lemma 2.1 holds, then let G be the graph obtained from G by
deleting the vertices v1 , v2 , and w. Then G has an L-edge-coloring by the
induction hypothesis, and this L-edge-coloring extends to an L-edge-coloring
of G by Lemma 2.2.
Thus we may assume that (c) of Lemma 2.1 holds, and let u v w z be
as in that condition. If G has an edge e with both ends of degree two, then
the theorem holds by the induction hypothesis applied to the graph G ; e,
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because e is incident with at most two edges of G ; e. Thus we may assume
that w has degree at least three, and that u has degree exactly three. Hence
the neighbors of u are v, w, and z , where z 6= w.
If L(vw) \ L(uv) has at most one element, or if k > 3, then every Ledge-coloring of G ; v extends to an L-edge-coloring of G, as is easily seen.
Thus we may assume that L(vw) \ L(uv) has at least two elements, and
that k = 3. Let z be the neighbor of w other than v and u. Let S , , and 
be such that jS j = 2,   62 S , S  fg L(vw), S  f g L(vu), and let
G be the graph obtained from G ; v by contracting the edge uw. If  =  ,
or  62 L(wz ), or  62 L(uz ), then every L-edge-coloring of G extends to
an L-edge-coloring of G. Since G has at least one L-edge-coloring by the
induction hypothesis, we deduce that the theorem holds.
We may therefore assume that  6=  ,  2 L(wz ), and  2 L(uz ). We
claim that G ; v ; uw has an L-edge-coloring  such that either (wz ) 6= ,
or (uz ) 6=  . If z = z , then this follows from the induction hypothesis
applied to G ; v ; u ; w, and so we may assume that z 6= z . Let  be a
new color that does not appear in any of the lists, and let L be the edgelist assignment of G de ned by L (wz ) = (L(wz )nfg)  f g, L (uz ) =
(L(uz )nf g)  f g, and L (e) = L(e) for all other edges e 2 E (G ). The
graph G has an L -edge-coloring by the induction hypothesis. If the color
of the edge wz is  , we change it to a color from L(wz ) that is distinct from
the colors of the (at most two) edges of G ; v ; uw incident with wz , and
we proceed similarly if the color of the edge uz is  . This way we obtain the
desired L-edge-coloring  of G ; v ; uw. Such an L-edge-coloring extends
to an L-edge-coloring of G, as desired.
It has been suggested that Conjecture 1.1 might hold for multigraphs as
well. However, our proof works only for simple graphs the corresponding
problem for multigraphs seems to be much harder. For a multigraph G let

n
o
;(G) = max 2jEjU(jG;U1])j  U V (G) jU j  3 and jU j odd :
Seymour 10] proved that if G is a series-parallel multigraph, and k is an
integer with (G) k and ;(G) k, then G is k-edge-colorable. If conjecture 1.1 holds for multigraphs, then G is in fact k-edge-choosable, but we
were unable to prove that.
The methods of this paper can be used to prove a slightly stronger result:
Let G be a series-parallel multigraph such that each vertex v has at most one
neighbor which is joined to v by more than one edge. If k  maxf(G) 3g,
and L is an edge-list assignment for G such that jL(e)j  k for every edge
e 2 E (G) and jL(e)j  k + 1 for every edge e 2 E (G) that is parallel to
another edge of G, then G has an L-edge-coloring.
The proof of Theorem 3.1 can be converted to a linear-time algorithm, as
follows. Let G be a graph. We say that a vertex v1 2 V (G) is special if one
of the following conditions holds:
(a) the degree of v1 is at most one,
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(b) the vertex v1 has degree two, and it has the same neighbors as some
other vertex of degree two,
(c) there exist vertices u 2 V (G)nfv1 g and w z 2 V (G)nfu v1 g such that
the neighbors of v1 are u and w, and every neighbor of u is equal to
v1 , w, or z , or
(d) there exist four distinct vertices v2  u1  u2  w 2 V (G)nfv1 g such that
the neighbors of w are u1  u2  v1  v2 , and for i = 1 2 the neighbors of
v are w and u .
Thus Lemma 2.1 implies that every series-parallel graph has a special vertex.
Now let G be a series-parallel graph on n vertices with maximum degree .
Given a vertex v 2 V (G), we can test in time O() whether v is special.
In particular, all special vertices can be found in time O(n). The proof of
Theorem 3.1 can be converted into a recursive procedure. By maintaining
a stack of all special vertices, we can nd a set of vertices as in Lemma 2.1
in constant time at each step. Using those vertices, we adjust the graph
accordingly (following the cases in the proof of Theorem 3.1), update the
stack, and apply the algorithm recursively to the smaller graph. This can be
done in time O(). The resulting coloring can be converted into a coloring
of the original graph in time O(). Overall, this gives:
Proposition 3.2. There is an algorithm that given a series-parallel graph
G on n vertices with maximum degree  and an edge-list assignment L
such that jL(e)j   for all e 2 E (G) nds an L-edge-coloring of G in
time O(n).
Let us remark that the total size of the lists is at least n, and so our
algorithm is indeed linear in the size of the input. A linear time algorithm
for ordinary edge-colorings of series-parallel multigraphs is described in 13].
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