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Luleå University, Sweden and IskraSistemi, Slovenia
Milena Kovač
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Abstract
This paper introduces a novel data structure used to store sparse matrices optimally –
minimizing the space of the matrix representation and the time complexity of an access to the
matrix element. The size of our data structure is close to the information theoretic minimum
– it differs in the second order term – and permits constant access to the matrix elements and
a constant amortized time with a high probability for the insertion of a new element in the
matrix and a deletion of an existing element.
We tested our solution in a setup of mixed model equations that is used for genetic evaluation of breeding values and estimation of dispersion parameters. The coefficient matrices
are large (over 1 mio. of equations) and sparse. The new algorithm reduced the number of
accesses to the data structure (at most two accesses) and reduced the time for building the
equation system, especially in theworst cases.

1 Introduction and Motivation
Goal of animal breeding is selection of animals as parents to produce “best” offspring. Since
animals transmit the genetic material to their offspring, animal breeders want to “measure” so
called breeding value of animals. But what really can be measured in the animals are their
phenotype values.
Phenotype is combination of genetic and environmental components. Through measuring
animal’s own performance and/or performance of their relatives, collecting data on relationship
between animals, animal breeders put together all pieces of information that can be useful in
genetic evaluation. To extract genetic value from a phenotype value, animal breeders developed
many sophisticated methods.
Dispersion parameters are a tool that tells how to extract genetic value – in animal breeding
jargon – how to predict breeding value. Hence, estimation of dispersion parameters is one of
the major tasks for animal breeders. Genetic (co)variance components and its proportions are
required for predicting breeding values, designing breeding programs and observing realized
genetic trends.
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Obviously, it is very important to get as good estimates of dispersion parameters as possible, although this is not always an easy task. Due to desirable statistical properties, maximum
likelihood (ML; [13]) and restricted maximum likelihood (REML; [19]) methods are almost exclusively used for variance component estimation from the selected data – they are consistent,
asymptotically normal, and efficient.
Because it eliminates or at least reduces bias due to selection ([17]), REML appears to be
the method of choice if data from breeding programs are used. Variance component estimation
is based on Henderson’s mixed model equations (MME; [14]). Dispersion parameters estimation with REML/ML is computationally demanding. Memory requirements and CPU time are
determined by the size of equation system, number of estimated dispersion parameters, and convergence rate. Estimating procedure includes three elements: setting up the coefficient matrix
(CM), solving the system of equations, and optimization. Setting up the CM is basically independent of the technique used to solve the system. Because REML and ML are iterative methods,
the CM has to be built repeatedly in every iteration. This, in turn, means that the procedure for
setting up CM has to be very time and space efficient.
In this paper we present such an efficient method for setting up CM. In the course of presentation, we first, in the next section, develop a novel data structure for a graph representation. Its
size is almost as small as possible – it is, up to the additive term, the same as the information
theoretic minimum. The data structure is, in the same section, extended to represent also sparse
matrices efficiently. The section is followed by two sections on a practical implementation and
on its measurements respectively. We conclude with some directions for the future work.

2 Theoretical Basis
The efficiency of the presented solution is contributed mostly to observing two important characteristics of the problem: the rate at which the data are changing; and the bound on the size
of an individual entity we are dealing with. In general, any problem can be characterized as
a dynamic, semi-dynamic or static and the choice of the data structure heavily depends on the
characterization – e.g. the “static version” of a binary tree is a sorted array. The main problem
we study is semi-dynamic: if the value of the element is changed to non-zero, it is never reversed
back to 0.
Traditionally the speed of the algorithm is measured by the number of comparisons it makes
(cf. [9]). However, such a measurement is not accurate enough for the contemporary computers.
Therefore since early nineties, we started to use in the algorithm design ever more popular cell
probe model ([11]) or its variations (e.g. Practical RAM, ERAM, etc.). In this model, we count
the number of memory accesses instead of comparisons. The crucial property of the cell (register)
is its size ([18]) – the number of bits it contains – that brings us to the second characteristic
mentioned above. It is only since recently (cf. [2, 1, 3]) that scientists started to study its influence
on the size and efficiency of the solution to various problems. They discovered, that the finiteness
of the universe permits development of much more efficient algorithms then the classical ones
(cf. [2, 1, 3]). The solutions presented in this paper use the same techniques.

2.1 Graph Representation
A graph G(V E ) is defined as a set of vertices V and a set of connections (edges – also called
relations) between these vertices E . In general, the relations can be of an arbitrary degree, but
for the sake of discussion we restrict them to binary relations.
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Given a graph G(V E ) and vertices u v 2 V any representation of the graph must be able
to answer the query whether there is an edge (relation) between u and v – (u v ) 2 E ; i.e.:

E .Member( (u, v)

) ! ftrue falseg  Boolean

:

(1)

Without loss of generality we can assume that vertices v are non-negative integers 0  v < jV j.
There are two well known graph representations – an adjacency matrix and a list of edges.
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The sizes of representations are jV j bits and (jE j  log jV j) bits respectively. The time complexity of the query (1) using adjacency matrix is O(1) while for the list of edges it depends on
the data structure used. Using perfect hash table ([10]) the query time is O(1) and the space
complexity (1 + o(1))  (jE j  2 dlg jV je).
The query (1) is in fact a membership query: is the key (u v ) in the set E  V  V , where
V  V is a finite universe of size V 2 . Brodnik and Munro in [4] show that for a finite universe
there exists a data structure which stores a subset E succinctly and
permits
constant time
l still
;
m
membership queries. The size of this data structure is (1 + o(1))  lg jjVEjj2 bits, that is up to
the additive term the same as the information theoretic necessary number of bits. Thus we have:
Theorem 1 Given a graph Gl(V E ), there
exists an algorithm which answer the query (1) in
; jE j m
(1) time using (1 + o(1))  lg jV j2 bits of space.
The data structure used by [4] employs six different substructures depending on the relative
sparseness of the set. The data structure can be made dynamic keeping the same space and time
bounds though with a high probability only ([3]).

2.2 Matrix Representation
The matrix is in fact a relation between the row i and the column j with a value other than just
Boolean – for our purposes a real value:

M .Value( (i, j )

) ! float

:

(2)

Without loss of generality, we assume that the most common value in the matrix is 0. Since
values of i and j are bounded by 0  i < m i , 0  j < mj (mi being the number of rows and
mj the number of columns) so is their combination x(i j )

0  x  x(i j ) = j  mi + i < mi  mj 

(3)

which we use as a key for a lookup into the dictionary on the bounded universe (cf. (2)).
The data structure used to store the dictionary (and, hence, the matrix) is a generalization
from Theorem 1. However, there are few problems with a direct applicability of the data structure: first, it is not clear how to handle modestly sparse subsets – that is matrices with the number
of non-zero (NZE) in the range (m i mj )1;  NZE  mi mj for  < 1 and   1=2. Next,
for graphs with more than V 2 =2 edges we could use their co-graphs, which does not work for
matrices. Finally, the data structure was designed for a static problem and its dynamic behavior
is obtained through the randomization and de-amortization.
Hence, for the practical purposes, we simplify the data structure slightly and reduce the
number of sub-structures from six to two: we use a two-dimensional array and perfect hash table
only. The perfect hash table implements dictionary of tuples (x(i j ) a ij ) for aij 6= 0 (x(i j ).
The table is a two level data structure with the second level used to resolve collisions from the
first level. On both levels we use a hash function of the form

h(x) = (x  k mod p) mod s
3

(4)

where x is the key, k randomly generated factor for a given hash table and p prime number larger
then the size of the table s.
When we search for the element, we hash on the first level to get an address in the table
where it is either an element or a reference to the second level (hash) sub-table containing the
element. If we found the element we need to check whether it is the searched element and we are
done. On the other hand, if we found the reference we hash for the second time. If we use hash
functions of the form (4) both times, Fredman et al. in [10] proved the existence of such k -s that
the second level hashing is collision free while the size of the structure remains small. Moreover,
they proved that if k is chosen randomly every second k with a high probability has the required
property. This fact is crucial to make the structure (semi-)dynamic (see [7]). Roughly, when we
want to insert an element into the sub-table that is full, we enlarge its size to twice the number of
elements in it. Then we keep choosing k at random and re-hashing the elements until no collision
occurs in the sub-table. Because of the mentioned property of k , we will need to re-hash at most
twice with a high probability.
The first level and all second level tables are stored in the same array consisting of elements
shown in Figure 1. The element consists of the row, column and value, while subtable
typedef union {
struct element {
int
i, j;
float aij;
};
struct subtable {
int
start;
int
value;
long long k;
} tItem;

/* j >= 0 */

/* value < 0, size= abs(value) */

Figure 1: Type of the data items in the array.
stores reference into the array where the sub-table starts, flag and the size s of the sub-table, and

k used in the hash function (cf. (4)).

Both, the two-dimensional array and the hash table permit constant access time, and occupy

mi  mj  jvj and (1 + o(1))  NZE  (dlg mi e + dlg mj e + jvj)
(5)
bits respectively. Here jv j is the number of bits necessary to represent an element of the matrix.

Let us put pieces together. The decision which data structure to use at which matrix sparsity
depends on the number of non-zero elements NZE. From (5) we get that for
NZE

jv j
< 2  (dlg mmie +mdjlg m
e + jvj)
i

j

(6)

we store tuples and otherwise the array ((6) also formally defines a sparse matrix). Thus:
Theorem 2 Given an mi  mj matrix of jv j-bit elements, there exists a data structure of size
min (mi  mj  jvj  2  NZE  dlg mi + lg mj + jvje) bits, that supports worst case constant time
queries and constant time with a high probability insertions.

We need to make two final remarks: first, from the theoretical point of view, we would
achieve an asymptotically better space bound were we using all six sub-structures mentioned in
4

[4]. Second, the computation of the function (4) is expensive because it involves a multiplication
and two divisions. However, Dietzfelbinger et al. proved that two of them can be replaced by
binary shifts ([6]).

3 Implementation and Testing
The coefficient matrices as applied to animal breeding problems are always sparse as defined in
(6). The proportion of non-zero elements (NZE) rarely exceeds 1%, very often it is in order of
0.1% – in other words, it is always bellow the bound in (6). Therefore, we always use perfect
hashing to store them.
For the first implementation of the algorithm, (version 1) FORTRAN 77 was used, because
the rest of the program is also written in this programing language ([16]). The array of elements
defined in Figure 1 is transformed into three arrays IA, JA and A storage scheme as by Duff et al.
([8]), while the union is handled by the EQUIVALENCE statement. Because FORTRAN 77 does
not support long integers (64 bits), library of procedures for multiple precision computations had
to be implemented. After the first testings, it came out that multiple precision arithmetic is a
bottleneck. Therefore, the subroutine for hashing was re-written into C (version 2). The other
time-expensive part was a system random number generator. Hence, we implemented our own
(version 3) according to Knuth ([15]).
Program version 1 was tested on data sets from Table 1 with the first level table of size
1:00  NZE, 0:75  NZE and 0:50  NZE elements long. Versions 2 and 3 (with subroutines written
in C) were tested only with the first level tables of size 1:00  NZE. Memory size of twice NZE
elements was expected to be enough for the data structure. Average number of accesses, size
of the data structure and the time spent were measured on Sun workstation Ultra 2. Altogether,
more than 1000 runs of program were done, since the algorithm belongs to the group of so called
“randomized algorithms”.

mi = mj
bound from (6)
NZE

average
number
of accesses in the
original algorithm
(version 0)

GILTS

GOATS 4

GOATS 2

BOARS

34,449
395,577,867
743,229
31.2

24,579
205,660,338
2,487,714
21.1

12,291
52,545,628
763,023
10.7

256,709
915,270,982
11,203,849
128.1

Table 1: Testing data sets.

4 Results and Discussion
Figure 2 shows that the reduction of the first level table-size decreased also the size of the
complete data structure for all data sets, in spite of the second level – the part with sub-tables –
increase. Three element sub-tables occupied between 35 and 41% of the memory reserved for the
data structure. More interestingly, there was practically no sub-tables larger then five elements.
Therefore, we slightly simplified collision handling on the second level and used linear probing
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Table size:

Size of data structure [in NZE]

2

17

9

5

3

first level table

1.5

1

0.5

0
1.00NZE 0.75NZE 0.50NZE

1.00NZE 0.75NZE 0.50NZE

GILTS

1.00NZE 0.75NZE 0.50NZE

1.00NZE 0.75NZE 0.50NZE

GOATS4

GOATS2

BOARS

Figure 2: Size of data structure and distribution of sizes of sub-tables for the test sets.
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Figure 3: Average number of accesses for the test sets.
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Figure 4: Set-up time components for the test sets.
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(cf. [5]) instead of rehashing. Even using such a solution, the average number of accesses in the
data structure rarely exceeded 2 as seen in Figure 3. With the set BOARS, average number of
accesses was somewhat higher, while set GOATS 2 had the most dispersed number of accesses.
When we compare those results to the average number of accesses in the original version (31.2,
21.2, 10.7 and 128.1 for different test sets in Table 1), where a hashing with the linear probing
was used ([12]), the improvement is obvious.
The time spent for setting up of MME in the original version was 4 to 5 times shorter than
in the version 1 (FORTRAN 77 implementation) (Figure 4). In the version 1, up to 88% of
total time (at the set GILTS 88%, 86% at sets GOATS 4 and GOATS 2 and 82% at the set BOARS)
was spent for a multiple precision integer arithmetic and random number generation. The rest
was comparable to the original version. Moreover, for a random number generation between
25 and 36% time was spent in the sets GILTS and BOARS and in the sets GOATS 4 and GOATS 2
approximately 15%. Differences in test sets are a consequence of a different number of accesses
to a single coefficient in CM needed to compute its value. With switching from a multiple
precision arithmetic in FORTRAN 77 to hashing subroutine in C, the time for the set-up of
MME became comparable with the original algorithm. At that time, most expensive part of
algorithm was generation of random numbers and with implementation of new pseudo-random
number generator, we managed to cut time below set-up time of the original algorithm. Time
for a generation of a random number in the last implementation was negligible for all test sets
(Figure 3). The average time for a set-up in the last version was between 44% of the total time in
the set BOARS and 69% in the set GOATS 2. The original algorithm was quite successful for the
set GOATS 2 with only 10.7 accesses needed on the average (Figure 2). However, it was really
slow for the set BOARS with 128.1 accesses. The difference in the cutting of a set-up time is a
consequence of the difference in the number of accesses.

5 Future Work
For future work, we plan a number of improvements. First, we intend to decrease the size of the
data structure by further reducing the size of the first level table. This will increase the size of
the second level tables and hence (again) require hashing there. We will also re-implement the
hash function to use its simplified version. Further, we intend to rewrite complete handling of
the dictionary to deal with matrices with more than 232 elements.
In the original version of the program, all memory is statically allocated which is due to a
different handling of the sparse matrix. With our approach, we shall be able to allocate memory
dynamically.
Our last version considers a matrix as a relation and hence stores its non-zero elements in a
general-purpose dictionary. However, this raises an interesting question if observing the internal
structure of the matrix would lead to further improvements.
At last but not least, we have to note that the setting-up of equations is just one of the tasks
in the variance component estimating procedure. To improve the other tasks, we will have to
employ parallelization, which, in turn, will require further changes in the setting-up as well.
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