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The Genus of the Cartesian Produ
t Km;m;m � C2nC. Paul Bonnington, Department of Mathemati
s, University of Au
klandp.bonnington�au
kland.a
.nzT. Pisanski, IMFM/TCS, University of Ljubljana�Tomaz.Pisanski�fmf.uni-lj.siJune 3, 2001Abstra
tThe genus of Km;m;m�C2n is determined for m � 1 and for all n � 3 andn = 1. For n = 2 both lower and upper bounds are given.Let � denote the Cartesian produ
t of graphs.Theorem 1. The genus of Km;m;m�C2n for m � 1; n � 3 is given by the formula:
(Km;m;m � C2n) = 1 +m(m� 1)nProof. For m = 1 we have K1;1;1 = C3 and C3 � C2n is obviously toroidal. Fromhere on let m � 2. We �rst prove 
(Km;m;m�C2n) � 1+m(m�1)n. We start with2n 
opies of triangulation of Km;m;m in a surfa
e Sg of genus g = (m�1)(m�2)=2.For m = 3 the surfa
e Sg is a torus as shown in Figure 1. In this parti
ular 
ase theembedding has 6 disjoint pat
hworks, two of whi
h are indi
ated. In general thereare 2m disjoint pat
hworks, two of whi
h are needed in the 
onstru
tion. Sin
eC2n is a bipartite 2-regular graph we may apply the pat
hwork method to embedKm;m;m �C2n into an orientable surfa
e of genus 1 +m(m� 1)n. For explanationof this 
lassi
al method, see for instan
e [3, 4, 5℄. The two pat
hworks may be
onstru
ted for instan
e, by taking alternating edges of any Petrie walk of the well-known Hamilton embedding of Kn;n in the surfa
e of genus (m� 1)(m� 2)=2 andthen augmenting the edges to appropriate triangles of Kn;n;n in the same surfa
e.We double-
he
k the genus formula by the following argument.(1) There are 2n 
opies of Sg, arranged in a 
ir
le, ea
h triangulated by a 
opyof Km;m;m.(2) There are m tubes between any two 
onse
utive Sg , giving the total numberof tubes equal to 2nm.(3) (2n� 1) tubes are needed to 
onne
t the 2n initial surfa
es Sg into a singlesurfa
e �0. Hen
e the �nal surfa
e � is homeomorphi
 to a sphere with 2ng +2mn � (2n � 1) = 1 + m(m � 1)n handles atta
hed. The embedding 
onsists of4m(m� 1)n triangles remaining in the original surfa
es Sg and 6mn quadrilateralsalong the 2mn tubes. There are 2m + 2 fa
es in
ident with any vertex: 2m � 2triangles and 4 quadrilaterals.The proof that 
(Km;m;m � C2n) � 1 +m(m� 1)n follows.�Supported in part by \Ministrstvo za znanost in tehnologijo Republike Slovenije", proj. no.J1-8901 and J1-8549. The paper was written while the se
ond author was visiting Mathemati
sDepartment of the University of Au
kland, New Zealand1
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Figure 1: Case m = 3. Triangular embedding of Km;m;m in tours with two pat
h-works indi
ated.Let us take an embedding of a graph with verti
es x1; x2; :::; xv and a total off fa
es. Let fk denote the total number of fa
es of size k and let ak(x) denote thenumber of fa
es of size k in
ident with a given vertex x. Clearly:val(x) = a3(x) + a4(x) + :::;kfk = ak(x1) + ak(x2) + :::+ ak(xv);and f = f3 + f4 + :::For a vertex x de�ne its fa
e 
ontribution to be �(x) = a3(x)=3 + a4(x)=4 + ::: If agraph has v verti
es, e edges then the genus of Let �0 = (�(x1)+�(x2)+:::+�(xv))=vdenote the average fa
e 
ontribution. Then f = �(x1) + �(x2) + ::: + �(xv): thisembedding 
an be expressed as: 
 = 1 + e=2� v(1 + �0)=2. Therefore minimizing
 is equivalent to maximizing �0. In our 
ase, v = 6mn; e = 6m(m + 1)n. Hen
e
(Km;m;m �C2n) � 1+m(m� 1)n is equivalent to saying that for any embeddingof Km;m;m�C2n we have �0 � (2m+1)=3. If we 
an show this inequality not onlyfor the average fa
e 
ontribution but for the maximal fa
e 
ontribution we are done.Let t = a3(x) be the number of triangles in
ident with a vertex x. Sin
e val(x) =2m + 2 it follows by that �(x) � (m + 1)=2 + t=12. Sin
e adja
ent verti
es indi�erent 
opies of Km;m;m do not belong to a 
ommon triangle 0 � t � 2m. The
ase t = 2m is impossible to attain in an embedding in a surfa
e sin
e the triangleswould 
lose-up and the rotation at that vertex would 
onsist of more than one 
y
le.If t � 2m� 2 then �(x) � (2m+1)=3 where equality is attained only if t = 2m� 2and the remaining four fa
es are quadrilaterals. This solution is indeed possible byour 2-pat
hwork 
onstru
tion in the �rst half of the proof. In the remaining 
ase(t = 2m�1) we have 2m�1 triangular fa
es and 3 other fa
es. The triangular fa
esare ne
essarily 
onse
utive in the rotation around x, sin
e two of the neighbors ofx are not in triangles with x.There are 4 sub-
ases, 
on
erning the number of quadrilateral fa
es q = a4(x).We may have 0 � q � 3. By an arithmeti
al argument we rule out the 
asesq = 0 and q = 1. Case q = 3 is impossible, sin
e n > 2 and one fa
e has twoedges proje
ting to C2n. This leaves us with q = 2 and the remaining fa
e eitherpentagonal (a5(x) = 1) or hexagonal (a6(x) = 1). Indeed, if the remaining fa
e hassize greater than 6, the value (2m+ 1)=3 
annot be attained. The value a6(x) = 1gives us exa
tly �(x) = (2m+ 1)=3. The only way that a5(x) = 1 this 
ould o

uris to have a string of 2m � 1 triangles ended on ea
h side by a quadrilateral and2



Figure 2: ... a string of 2m� 1 triangles ended on ea
h side by a quadrilateral andthe pentagonal fa
e at x.
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Figure 3: Case m = 3. The three triangles indi
ate the pat
hwork that was used forembedding K3;3;3 �K2. The three thi
k edges mark the 3 sele
ted quadrilateralsand the bla
k triangle 
omes in two 
opies to 
omplete the new pat
hwork of theembedded K3;3;3 �K2.the pentagonal fa
e at x has both edges, say xy and xz proje
ting on C2n. But thisis impossible, sin
e the shortest path from y to z not using edge xy and/or xz haslength 4.Theorem 2. The genus of Km;m;m � C2;m � 1 is given by the formula:
(Km;m;m � C2) = 
(Km;m;m �K2) = 1� 2m+m2 = (m� 1)2Proof. It is easy to see that the two graphs have the same genus embedding andhen
e 
onsider K2 instead of C2. The proof is simpler but analogous to the proofof Theorem 1. In the 
onstru
tion we only need one pat
hwork. The surfa
e is
omposed of two surfa
es Sg joined by m tubes, hen
e, it has genus (m� 1)2. The
onverse is easy sin
e ea
h vertex must ne
essarily 
ontribute only 2m�1 triangles,and 2 additional quadrilaterals is the best one 
an hope for.Theorem 3. In general the genus of Km;m;m � C4 is bounded as follows:d2m2 � 5m=2 + 1e � 
(Km;m;m � C4) � 1 + 2m(m� 1) = 2m2 � 2m+ 1:In parti
ular, 3



1. for m = 1 the genus is given by
(K1;1;1 � C4) = 12. for m = 2 the genus is given by
(K2;2;2 � C4) = 53. for m = 3 the genus is given by
(K3;3;3 � C4) = 12Proof. The upper bound 1 + 2m(m� 1) is obtained from 
onstru
tion of Theorem1. The lower bound also follows from the argument in the proof of Theorem 1.Namely, here we 
annot rule out the possibility that �0 = (m+1)=2+(2m�1)=12=(8m + 5)=12 that would arise if 2m� 1 triangles and 3 quadrilaterals are in
identwith ea
h vertex. For m = 1 the two bounds 
oin
ide. For m = 2 the genus isbetween 4 and 5 and one 
an easily 
he
k that no genus 4 orientable embeddingexists. Form = 3 the lower bound is d11:5e = 12. In order to lower the upper boundto 12 we may use the fa
t that Km;m;m � C4 is isomorphi
 to Km;m;m �K2 �K2.We start with the genus embedding of Km;m;m � K2 des
ribed in the previousTheorem. It 
ontains a pat
hwork 
onsisting of 2 triangles and 3 quadrilaterals.Using this pat
hwork one 
an produ
e an embedding of Km;m;m �K2 �K2 thathas 56 triangular and 30 quadrilateral fa
es and is therefore genus 12 embedding.The same idea 
ould be explored for more general values of m. It would slightlyimprove the upper bound at least for m that is divisible by 3.Referen
es[1℄ Bonnington, C. Paul; Little, Charles H. C. The foundations of topologi
al graphtheory. Springer-Verlag, New York, 1995.[2℄ J. L. Gross, T. W. Tu
ker, Topologi
al Graph Theory, Wiley Intersi
en
e, 1987.[3℄ Pisanski, Toma�z. Genus of Cartesian produ
ts of regular bipartite graphs. J.Graph Theory 4 (1980), no. 1, 31{42.[4℄ Pisanski, Toma�z. Nonorientable genus of Cartesian produ
ts of regular graphs.J. Graph Theory 6 (1982), no. 4, 391{402.[5℄ Pisanski, Toma�z. Orientable quadrilateral embeddings of produ
ts of graphs.Dis
rete Math. 109 (1992), no. 1-3, 203{205.

4


