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Abstra t

It is proved that every onne ted ubi simple graph admitting a vertex-transitive
a tion of a solvable group is either 3-edge- olourable, or isomorphi to the Petersen
graph.
graph, solvable group, vertex-transitive graph, transitive a tion, edgeolouring, ow.
Kljune besede: graf, resljiva grupa, tokovno tranzitiven graf, tranzitivno delovanje, barvanje povezav, pretok.
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Introdu tion

In this se tion all graphs are onsidered to be nite and simple. By the well-known
theorem of Vizing the hromati index of a graph with maximum degree  is either
 or  + 1. A ording to this result all graphs an be divided into two lasses,
lass 1 onsisting of the graphs with the hromati index being the same as the
maximum degree, and lass 2 ontaining all graphs with the hromati index being
greater than the maximum degree. Though some suÆ ient onditions for the graph
to belong to lass 1 are known (for example, by an old result of Konig every bipartite
graph belongs to lass 1), an eÆ ient hara terization of lass 1 graphs is a goal not
very likely to be a hived in near future. The problem is unsolved even in the ase
of ubi graphs, where the hara terization of lass 1 graphs is losely related to
two famous problems, namely to Tutte's onje ture on nowhere-zero 4- ows and to
Lovasz's question on Hamiltonian paths in vertex-transitive graphs.
Conje ture 1.1 (Tutte, [16℄) Every bridgeless ubi graph ontaining no subdivision of the Petersen graph admits a nowhere-zero 4- ow.
Question 1.2 (Lovasz, [8℄) Does every onne ted vertex-transitive graph ontain
a Hamiltonian path?

The relation with Lovasz's question is established through the fa t that every
Hamiltonian ubi graph is 3-edge- olourable, while the onne tion with Tutte's
onje ture re e ts in the fa t that ubi graph belongs to lass 1 if and only if it
admits a nowhere-zero 4- ow. Tutte's onje ture motivated the hunt of the snarks
(here snark stands for a bridgeless ubi lass 2 graph) [2, 4, 5, 7, 11, 12, 13℄, as well
as the sear h for suÆ ient onditions for ubi graphs to belong to lass 1.
In view of Lovasz's onje ture a natural dire tion of investigations leads to vertextransitive graphs, that is graphs for whi h their automorphism group a ts transitively on the set of verti es. There are only two known examples of onne ted
ubi vertex-transitive graphs whi h are not 3-edge- olourable, namely the Petersen
graph and its trun ation (observe that the Coxeter graph is 3-edge- olourable even
though it is not Hamiltonian). At this point the following question (asked by Riste
Skrekovski { oral ommuni ation), arises naturally.
Question 1.3 Is every onne ted ubi vertex-transitive graph whi h is not isomorphi neither to the Petersen graph nor to the trun ation of the Petersen graph
3-edge- olourable?

This question is a generalization of the onje ture made by Alspa h and Zhang
in 1991 saying that every onne ted Cayley graph admits a nowhere-zero 4- ow (or
equivalently, is 3-edge- olourable). Alspa h, Liu and Zhang [1℄ proved this onje ture
in the ase of ubi Cayley graphs of solvable groups (that is, ubi graphs with
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the automorphism group ontaining a regular solvable group). Their result was
improved by Nedela and Skoviera [12℄ who proved that every ounter-example to
the onje ture of Alspa h and Zhang should be a regular over over a Cayley graph
of an almost simple group. Let us mention at this point that the onje ture of
Alspa h and Zhang (though losely related to the Tutte's 4- ow onje ture) remains
open even in the ase if the Tutte' onje ture holds for ubi graphs (see [14℄), as
many Cayley graphs do ontain subdivisions of the Petersen graph.
In this arti le we give the following partial answer to Question 1.3 and thus
generalize the result of Alspah, Liu and Zhang to a mu h wider lass of graphs.
Theorem 1.4 Let X be a onne ted ubi simple graph and suppose that its automorphism group ontains a solvable subgroup a ting transitively on the set of verti es
of X . If X is not 3-edge- olourable then it is isomorphi to the Petersen graph.

In Se tion 2 we de ne some basi notions needed later. We prove the above
theorem in Se tion 3.
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Preliminaries

Though our main interest lies in the graphs without loops and semiedges it will
be onvenient for us to use slightly more general de nition of a graph, whi h arises
naturally in the ontext of graph overs and quotients. We only give some very basi
de nition and results in this se tion and refer the reader to [9, 10℄ for all notions
and on epts not de ned here.
A graph is an ordered 4-tuple (D; V ;beg ; inv) where D and V 6= ; are disjoint
nite sets of darts and verti es, respe tively, beg : D ! V is a mapping whi h
assigns to ea h dart x its initial vertex beg x, and inv : D ! D is an involution
whi h inter hanges every dart x and its inverse dart x 1. The orbits of inv are
alled edges. The initial verti es of an edge are the initial verti es of the darts
ontained in the edge. An edge is alled a semiedge if inv x = x, a loop if inv x 6= x
while beg (x 1) = beg x, and is alled a link otherwise. Two links are parallel if
they have the same initial verti es. A graph with no semiedges, no loops and no
parallel links is alled a simple graph. Degree of a vertex v is the number of darts
having v as their initial vertex. Graph is ubi if all its verti es have degree 3.
A mapping : D ! f1; 2; : : : ; ng is a proper n-edge olouring of the graph X =
(D; V; beg ; inv) if for every pair x; y 2 D, su h that beg x = beg y, we have (x) 6=
(y). If there exists a proper n-edge- olouring of the graph we say that the graph is
n-edge- olourable. The minimal integer n for whi h a graph is n-edge- olourable is
alled the hromati index of the graph X .
A morphism of graphs f : X ! X 0 is a fun tion f : VX [ DX ! VX [ DX
su h that f (VX )  VX , f (D)  DX , f beg X = beg X f and f invX = invX f .
0
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A graph morphism is epimorphism (automorphism) if it is a surje tion (bije tion,
respe tively). The group of automorphisms of a graph X is denoted by Aut X .
Let N  Aut X be a subgroup of the automorphism group and let DN and
VN denote the sets of orbits on darts and verti es of X , respe tively. Further, let
beg N [x℄ = [beg x℄ and invN [x℄ = [inv x℄. This de nes the quotient graph XN =
(DN ; VN ;beg N ; invN ) together with the natural epimorphism pN : X ! XN alled
the quotient proje tion relative to N .
If the quotient proje tion }N : X ! XN of onne ted graphs is also a lo al
bije tion on darts (that is, if for ea h vertex v 2 VX the set of darts of X having
v as the initial vertex is mapped bije tively onto the set of darts of X having }(v)
as the initial vertex) then the quotient proje tion } is a regular overing proje tion
and the group N is the group of overing transformation. Observe that hromati
index of the overing graph is at most that of the base graph.
Regular overing proje tions an be ombinatorialized as follows [6, 9, 10℄. A
Cayley voltage spa e on a onne ted graph X = (D; V ;beg ; inv) is an ordered pair
(N ;  ), where N is a voltage group a ting on itself by right multipli ation, and
 : D ! N is a surje tive fun tion su h that  (x 1 ) = ( (x)) 1 . This fun tion
extends naturally to all walks in X . Note that homotopi walks have the same
voltage. This allows us to view the fun tion  as de ned on the fundamental group
(X; b) of X at base point b. Moreover, if the group N is abelian, the fun tion 
naturally extends to the fun tion de ned on the abelianization H1(X ) of (X; b).
Finally, if N is of prime exponent p then we an view  as de ned on the rst
homology group H1(X; Zp) with oeÆ ient in the prime eld Zp. (We refer the
reader to [10℄ for details).
Let (N ;  ) be a Cayley voltage spa e on a onne ted graph X = (D; V ;beg ; inv).
With (N ;  ) we asso iate a derived overing proje tion } : Cov(N ;  ) ! X as follows. The graph Cov(N ;  ) has D  N and V  N as the sets of darts and verti es,
respe tively, with beg(x;  ) = (beg x;  ) and inv(x;  ) = (inv x;  (x)). The orresponding proje tion } is de ned as the proje tion onto the rst omponent. This
is indeed a regular overing proje tion with the group of overing transformation
isomorphi to the group N . It is not diÆ ult to see that every regular overing
proje tion an be obtained in this way.
3

Proof of Theorem 1.4

Suppose that the statement of Theorem 1.4 is false and let X~ be the smallest graph
(in terms of the number of its verti es) whi h satis es the onditions of the theorem,
but is neither isomorphi to the Petersen graph nor 3-edge- olourable. Let G~ denote
the solvable vertex-transitive subgroup of Aut X~ and let N denote the minimal
(non-trivial) normal subgroup of G~ . By [15, Theorem 5.24℄ there exists a prime p
and a positive integer k su h that N is isomorphi to the elementary abelian group
5

Zkp. Let X denote the quotient graph X~ N , } : X~ ! X the orresponding quotient

~ . Observe rst that if the vertex set of
proje tion, and G the quotient group G=N
~
X is a singleton then the graph X is a ubi Cayley graph of elementary abelian
group and X~ is 3-edge- olourable by [1℄. We an thus assume that X has at least
two verti es. Clearly, the group G a ts transitively (in the natural way) on the
verti es of X , and is solvable. Furthermore, the onne tedness of X~ implies the
onne tedness of X . Observe that X is ubi if and only if the quotinet proje tion
} is a overing proje tion. Sin e every over of a 3-edge- olourable graph is also
3-edge- olourable, we an assume that if X is ubi it is not 3-edge- olourable. The
minimality of X~ then implies that one of the following o urs:
a) X is not ubi , or
b) X is ubi , but neither simple nor 3-edge- olourable, or
) X is isomorphi to the Petersen graph.
Assume rst that X is not ubi . Then its valen e is either 1 or 2. If the valen e
of X is 1 then it is isomorphi to K2 and X~ is bipartite and thus 3-edge- olourable,
a ontradi tion. If the valen e of X is 2 then X is isomorphi either to K2 with the
additional semiedge at every vertex, or to a y le Cn. In the rst ase the }-preimage
of the two semiedges of X is a 1-fa tor (or a disjoint union of two 1-fa tors) of X~ ,
and the }-preimage of the edge of X is a disjoint union of y les of even length (or a
1-fa tor of X~ , respe tively). In both ases X~ is 3-edge- olourable. If X is isomorphi
to Cn then }-preimage of every se ond edge of Cn is a 1-fa tor and the }-preimage
of other edges of Cn is disjoint union of two 1-fa tors. This shows that n is even
and that X~ is bipartite, a ontradi tion.
We an thus assume that X is a ubi graph. Suppose rst that X is not simple.
There are only 2 in nite families and four sporadi ases of vertex-transitive ubi
graphs (with more than one vertex) whi h are not simple. These are:
1. the dipole D3, having two verti es and three parallel edges between them;
2. the graph D20 , having two verti es, two parallel edges between them, and a
semiedge atta hed to every vertex;
3. the graph C2n obtained from the y le C2n by atta hing an edge parallel to
every se ond edge of the y le;
4. the graph K2Æ obtained from the graph K2 by atta hing a loop to ea h of the
two verti es;
5. the graph K200 obtained from the graph K2 by atta hing a pair of semiedges to
ea h of the two verti es;
6. the graph C20 n obtained from the y le C2n by atta hing a semiedge to every
vertex of the y le.
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Observe that all of the above graphs, ex ept for the graph K2Æ , are 3-edgeolourable. We an thus assume that X = K2Æ and that X~ is a onne ted regular
over over K2Æ with elementary abelian group N of overing transformations. Sin e
the Betti number of the graph K2Æ is 2, the group N is isomorphi either to Zp
or to Z2p. In the rst ase X~ is a generalized Petersen graph. It is known that
all generalized Petersen graph, ex ept for the Petersen graph itself, are 3-edgeolourable (see [3℄). In the se ond ase the graph X~ is isomorphi to the homologi al
p- over of the graph K2Æ . It is easy to see that it is 3-edge- olourable as well, in fa t,
it is a Cayley graph of a semidire t produ t of the elementary abelian group Z2p and
the group Z2.
We are now left with the ase where X is isomorphi to the Petersen graph.
We begin by proving the following lemma on solvable vertex-transitive group of
automorphisms of the Petersen graph.
Lemma 3.1 Let Pet be the Petersen graph and G a solvable vertex-transitive subgroup of Aut Pet. Let Z(2)
5 = fij j i; j 2 Z5g denote the set of unordered pairs of

elements of Z5 and let the symmetri group S5 a t on the set Z(2)
5 in the natural
way. Denote by  and  the elements (0; 1; 2; 3; 4) and (1; 2; 4; 3) of S5 , respe tively.
Then the a tion of G on the vertex-set of Pet is isomorphi to the a tion of the
group h;  i on Z(2)
5 .

Proof. Sin e G a ts transitively on the set of 10 elements it ontains an element
of order 5 having exa tly two orbits on the vertex-set of Pet. Sin e Pet is not
bipartite there are at least two adja ent verti es, say u and v, ontained in the same
orbit of r0. This implies that some power of r0, all it r, maps the vertex u to the
vertex v. Let w be the neighbour of u whi h is not ontained in the same orbit
of r as u. For every i 2 Z5, let ui and wi denote the verti es ri(u) and ri(w),
respe tively. De ne a bije tion f : V (Pet) ! Z(2)
5 by the rules f (ui ) = i(i + 2) and
f (wi ) = (i +3)(i +4), for every i 2 Z5. Note that any two verti es of Pet are adja ent
if and only if their f -images are disjoint. The bije tion f gives rise to (2)a groupisomorphism  : Aut Pet ! S5, su h that (f; ): (V (Pet); Aut Pet) ! (Z5 ; S5 ) is
an isomorphism of a tions. Note that (G) ontains the permutation . Sin e (G)
is a solvable subgroup of S5 ontaining  and a ting on the set Z(2)
5 transitively it
must be the group of order 20 generated by  and  . The pair (f; jG ) is then the
isomorphism of the a tions (V (Pet); G) and (Z(2)
5 ; h;  i).
In view of lemma(2)3.1 we an assume that the verti es of X are labelled by the
elements of the set Z5 and that the group G is generated by the elements
 = (0; 1; 2; 3; 4) and  = (1; 2; 4; 3)
of the symmetri group S5, a ting in the natural way on the set Z(2)
5 . Sin e the

~
graph X is a regular N - over over the graph X = Pet, we an identify X~ with the

r0
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derived overing graph Cov(N;  ), where  is a voltage assignment, de ned on the
homology group H1(Pet; Zp) of the Petresen graph Pet (with oeÆ ients in Zp). We
shall denote by T the spanning tree of Pet ontaining all the edges of Pet, ex ept
the underlying edge of the dart ~e = 12 ! 34 and the underlying edges of the darts
x~i = i(i + 2) ! (i + 1)(i + 3), i 2 Z5. By identifying ea h dart ~x (of the above six)
with the oriented y le of Pet ontaining no other darts outside T but ~x, we an
onsider them as the elements of the homology group H1(Pet; Zp). Clearly, the set
f~e; ~x0; : : : ; ~x4 g is then a basis of H1(Pet; Zp) (viewed as the ve tor spa e over Zp),
and the voltage asignment  is uniquely determined by the following images (see
Figure 1):
e =  (~e) and xi =  (x~i ); i 2 Z5:

Figure 1
Sin e X~ is a onne ted graph, the voltages e; x0 ; : : : ; x4 generate the elementary
abelian group Zkp. This implies immediately that k  6. Furthermore, the fa t
that the group G = h;  i lifts along the oveing proje tin } : X~ ! Pet implies by
[10, Theorem 5.2℄ the existen e of the group homomorphism #: G ! Aut N , whi h
satis es the rule
#Æ =Æ ;
for every 2 G (where is onsidered as a ting on H1(Pet; Zp)). Using this formula
we an dedu e that the automorphisms # and  # map the elements e; x0 ; : : : ; x4
as it is shown in Table 1.
Table 1
#
#

e
e
x
i2Z5 i

P

x0
x1 e
x0 + x3 + x4

x1
x2 + e
x3 x4 + e
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x2
x3 e
x2 + x3 + x4

x3
x4

x2

x3

x4
x0 + e
x0 x4

If we onsider the elementary abelian group N as the ve tor spa e over the eld
Zp the group homomorphism #: G ! Aut N de nes a linear representation of the
group G. The minimality of the normal subgroup N in the group G~ implies that this
representation is irredu ible. In other words, linear transformations # and  # have
no ommon nontrivial invariant subspa es. It follows immidiately from Table 1 that
# and  # . This
the subspa e of N spanned by e and Pi2Z xi is invariant for both P
implies that either N = Zp, or N = Z2p, or N = Zkp, k  3, and e = i2Z xi = 0.
Case 1 N 
= Zp. Sin e the automorphism group Aut N is isomorphi to the
multipli ative group Zp (a ting on N by multipli ation), there exist two elements
r; t 2 Zp, su h that # (a) = ra and  # (a) = ta, for ea h a 2 N . Moreover, sin e
 1 = 2 and sin e #: G ! Aut N is a group homomorphism, it follows that
trt 1 = r2 and thus r = 1. It follows from Table 1 that x2 = x0 and x1 = x3 = x4 =
x0 + e, in this ase. Futhermore, tx0 = 3x0 + 2e and t(x0 + e) = 2x0 e, whi h
gives 5x0 = (3 + t)e. We are going to distinguish two sub ases: e 6= 0 and e = 0.
If e 6= 0 then the two disjoint 5- y les of Pet indu ed by the orbits of  lift into
two disjoint 5p y les of the graph X~ . The lift ~ 2 Aut X~ of the automorphism
 2 Aut X generates together with the group N a subgroup h~; N i of Aut X~ , whi h
a ts transitively on ea h of the two disjoint y les of length 5p. This implies that
the group h~; N i is y li of order 5p. It is easy to see that the graph X~ is then
isomorphi to a generalized Petersen graph on 10p verti es, and is therefore 3-edgeolourable by [3℄.
Assume now that e = 0. In this ase the equality 5x0 = (3 + t)e implies
p = 5. The graph X~ is then isomorphi to the Z5- over of Pet de ned by voltages
e = 0 and x0 = x1 = x2 = x3 = x4 = 1. It is an easy exer ise to shows that this
vertex-transitive graph on 50 verti es is 3-edge- olourable.
Case 2 N 
= Z2p. In order to deal with this ase we shall rst prove the following
general lemma on irredu ible representations of the group G.
5

5

Lemma 3.2 Let G = h;  j 5 =  4 =  2  1
an irredu ible representation. Then () = id.

= 1i and let : G ! Aut Z2p be

Proof. Let g = (g) for all g 2 G. Suppose rst that  has no eigenve tors.
Sin e there are p + 1 1-dimensional subspa es of the ve tor spa e Z2p, and sin e the
order of  is 5, this implies that p  1(mod5). Let v be an arbitrary non-zero
element of Z2p and let v1 = (v). Then fv; v1 g is a basis of Z2p relative to whi h the
automorphism  is represented by the matrix
 
0 :
1
Sin e p  1(mod5) and sin e det()5 = 1, we have that = det() = 1.
Furthermore, it follows from 5 = id that 2 + 1 = 0. Then 2 is represented by
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the matrix





1

:

Sin e  and 2 are onjugate (by ), they must have the same hara teristi polinomial. Therefore, x2 x + 1 = x2 + ( + 1)x + ( 2 + ), and thus + 1 = .
If we use this equality together with 2 + 1 = 0 we get 5 = 0 and thus p = 5,
ontradi ting the ongruen e p  1(mod 5).
We an therefore assume that  has an eigenve tor. Let v = v for some nonzero element v 2 Z2p and some  2 Zp. Sin e 5 = id we have 5 = 1. It follows
from the equality  1 = 2 that the ve tor v1 = (v) is an eigenve tor of ,
with the orresponding eigenvalue 3 . The spe trum of  is thus the set f; 3 g.
Sin e,  and 2 are onju ate, they have the same spe trum, implying the equality
f; 3 g = f2 ; g, and so  = 1. Sin e fv; v1 g is a basis for Z2p (for otherwise v
would be a ommon eigenve tor for  and ), this shows that  = id.
By the above lemma we an assume that # = id, whi h implies x2 = x0 and
x1 = x3 = x4 = x0 + e. This shows that the set fx0 ; eg is a basis of the ve tor
spa e N . Let K  N be the subgroup generated by the element x0 + e, and let
q : N ! N=K be the orresponding quotient proje tion. Observe that K is invariant
under the a tion of #. In view of [10, Corollary 5.3 and Proposition 4.1℄ the graph X~
is a regular over over the overing graph Y = Cov(Pet; q ) and the automorphism
 2 Aut Pet lifts into an automorphism of the graph Y . If p > 2 the graph Y
onsists of two disjoint 5p y les and a mat hing between them. Clearly, the lift
of the automorphism  a ts transitively on the two disjoint 5p- y les. This implies
that Y is a generalized Petersen graph on 10p verti es. This is true even in the ase
p = 2, where Y is isomorphi to the generalized Petersen graph GP (10; 2). The
graph Y is then 3-edge- olourable by [3℄. Being a over over Y the graph X~ is also
3-edge- olourable, a ontradi tion.
Case 3 N 
= Zkp, k  3, e = Pi2Z xi = 0. Sin e the six voltages e; x0 ; : : : ; x4
generate the group N we have that k  4. The following lemma deals with the ase
k = 3.
Lemma 3.3 Let G = h;  j 5 =  4 =  2  1 = 1i and let : G ! Aut Z3p be a
linear representation of the group G. Then  is redu ible.
5

Suppose that  is irredu ible. Let g denote the linear transformation
(g), for every g 2 G. Sin e there are p2 + p + 1 1-dimensional subspa es in Z3p
and sin e, for every prime p, the number p2 + p + 1 is not divisible by 5, there
exists an eigenve tor v of the linear transformation . Let  be the orresponding
eigenvalue. Sin e  1 = 2 , the ve tors (v) and 2(v) are eigenve tors of  with
the orresponding eigenvalues 3 and 4. Sin e  and  have no ommon invariant
subspa es, the ve tors v, (v) and 2 (v) form a basis of Z3p. This implies that the
Proof.
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spe trum of  equals f; 3 ; 4 g. Furthermore, sin e  and 2 are onjugate, they
have the same spe trum, showing that f; 3 ; 4 g = f2 ; ; 3 g, and so  = 1 and
 = id. Similarly, sin e the number p2 + p + 1 is odd, the transformation  has a
xed point in its a tion on 1-dimensional subspa es of Z3p. The eigenve tor of  is
thus a ommon eigenve tor of  and , a ontradi tion.
We are now left with the ase k = 4. We an assume without lost of generality
that x0 ; x1 ; x2 and x3 are lineary independent and that x4 = x0 x1 x2 x3 .
Let K  N be a subgroup generated by x1 ; x3 and x0 + x2, and let q : N ! N=K be
the orresponding quotient proje tion. In view of [10, Proposition 4.1℄ the graph X~
is a regular over over the overing graph Y 0 = Cov(Pet; q ). By [10, Theorem 6.2℄
the graph Y 0 is isomorphi to the overing graph Y = Cov(Pet; 1) asso iated with
the Cayley voltage spa e (Zp; 1 ), where 1 is de ned by 1(~e) = 1(~x1 ) = 1 (~x3) =
1 (~x4 ) = 0, 1 (~x0 ) = 1 and 1 (~x2 ) = 1. Re all that the vertex set of the graph
Y is the set f(u; i) j u 2 V (Pet); i 2 Zpg. The sth layer, s 2 Zp, of the graph Y is
the set of darts x 2 D(Y ) having their initial vertex beg Y (x) ontained in the set
f(u; s) j u 2 V (Pet)g. Let C = f1; 2; 3g denote the set of three olours, and let  be
a permutation of the set C . The olouring of type  of a layer of Y is the mapping
from this layer to the set C , whi h is s hemati ally shown on Figure 2.

Figure 2: The graph Y and the olouring of a layer of the graph Y of type .
If p = 2 then de ne the olouring of the graph Y in su h a way that the 0th layer
re eives the olouring of type id and the 1st layer the olouring of type (2; 3). This
is learly a proper 3-edge- olouring of the graph Y .
If p is odd then let the 0th layer re eive the olouring of type (1; 2; 3), the 1st layer
the olouring of type (1; 3; 2), the sth layer, for s 2 f2; 4; : : : ; p 1g, the olouring of
type id, and the sth layer, for s 2 f3; 5; : : : ; p 2g, the olouring of type (2; 3). Su h
a olouring is a proper 3-edge- olouring of the graph Y . Sin e X~ is a regular over
over Y , it is 3-edge- olourable as well. This ompletes the proof of Theorem 1.4.
A knowledgments. The author would like to thank dr. Aleksander Malni,
prof. Dragan Marusi and dr. Riste Skrekovski for many helpful suggestions.
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