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Abstra t
Using the genus embedding of the Cartesian produ t of three triangles we prove
one

an embed the smallest

ubi

semisymmetri

graph on 54 verti es, the so- alled

Gray graph, in the orientable surfa e of genus 7, and prove that su h an embedding is
optimal.

1. Introdu tion. Using an old result on the genus of the Cartesian produ t of three
triangles, ompare [19, 6, 7℄, we prove that the genus of the Gray graph is indeed 7.
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Figure 1: The Pas h on guration, its dual, their Levi graph and their Menger graphs
x

2. In iden e Stru tures and Con gurations. An in iden e stru ture C is a triple

C = (P; L; I ) where P is the set of points, L is the set of lines, and I  P  L is the in iden e
relation. The elements of I are alled ags. The bipartite in iden e graph G(C ) with bla k
verti es P , white verti es L and edges I is known as the Levi graph of C . We form the
Menger graph of the on guration C ; its verti es are the points and two verti es are joined
by en edge when the points belong to the same line of C [8℄. A (vr ; bk ) on guration is an
in iden e stru ture C = (P; L; I ) in whi h two lines meet in at most one point su h that
v = jP j; b = jLj, there are r lines through a point and there are k points on a line. If follows
easily that vr = jI j = bk: Note: the Levi graph of a (vr ; bk ) on guration is semiregular of
girth  6. A (vr ; bk ) on guration is symmetri if v = b (whi h is equivalent to saying that
r = k ). We will all a (vk ; bk ) on guration a (vk ) on guration.
2

x 3. Duality. For ea h in iden e stru ture C = (P; L; I ) the dual stru ture is C d =
(P d ; Ld ; I d ) where P d = L; Ld = P; I d = I ). Both C and C d share the same Levi graph

ex ept that the bla k-white oloring of verti es is reversed. The Menger graph of C d is
known as the dual Menger graph of C . For example, Figure 1 shows the Pas h on guration
(62 ; 43 ) whi h is also known as omplete quadrilateral and its dual the omplete quadrangle
(43 ; 62 ), their shared Levi graph and their Menger graphs.

Figure 2: The Gray graph as drawn by Milan Randi.
x

4. Automorphisms and Anti-Automorphisms. If C is isomorphi to its dual C d ;

x

5. The Gray Graph and the Gray Con guration. The smallest known ubi

we say that it is self-dual and the isomorphism is alled a duality. A duality of order 2 is
alled a polarity. An isomorphism of C to itself is alled an automorphism or olinearity.
Automorphisms of C form a group denoted by Aut0 C . We may onsider automorphisms
and dualities (anti-automorphisms) as a ting on the disjoint union P [ L. They together
form the extended group of automorphisms AutC . The Levi graph L of a on guration C is
bipartite and aries omplete information about on guration. The automorphism group
AutC oin ides with the automorphism group of L while Aut0 C is the subgroup whi h xes
the two bipartition sets setwise.
edge- but not vertex-transitive graph has 54 verti es and is known as the Gray graph,
whi h we will all G in this paper [3, 4℄. It is shown in Figure 2. Sin e its girth is 8, it
is the Levi graph of two dual, triangle-free, point-, line- and ag-transitive, non-self-dual
(273 )- on gurations [17℄, and this pair is the smallest su h. Cy li drawings of these two
3
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Figure 3: Dual on gurations arising from the Gray graph. Both drawings ontain false
in iden es that are learly marked. However, if we admit all in iden es, we may view these
gures as a pair of dual (274 ) on gurations.
on gurations are shown in Figure 3; see [2℄ for the theoreti al ba kground. These drawings
illustrate a problem in straight-line realizations of on gurations, that sometimes drawings
ontain false in iden es. Following [5℄ we realize in Figure 4 the rst of these two as a ubeshaped on guration of 27 points in 27 lines in R3 and we will refer to this on guration
as the Gray on guration. Using this drawing it be omes lear that the Menger graph M
of the Gray on guration, shown in Figure 5(a), is isomorphi to K3 K3 K3 . (Here we
use the notation  of [12℄ to represent the Cartesian produ t of graphs.)

Figure 4: Spatial version of the Gray on guration.

4

Figure 5: Menger graph M and dual Menger graph D of the Gray on guration.
x 6. The Genus Embedding. Let (G) denote the genus of the graph G. This parameter denotes the least integer k, su h that G admits an embedding into an orientable
surfa e of genus k. Several years ago it was shown that (K3 K3 K3 ) = 7. The genus

embedding was onstru ted by Mohar, Pisanski, Skoviera
and White [19℄. One ni e feature
of the genus embedding is that its dual is bipartite; i.e., its fa es an be olored in two
oulors so that ea h edge separates fa es of di erent olors. All of the fa es of one olor
are triangles. These 27 triangles are the only triangles in the graph and orrespond to lines
in the on guration. The Gray graph thus admits an embedding into the surfa e of genus
7. If we keep the original verti es and introdu e the enters of triangles as new verti es
with an old vertex v adja ent to a new vertex t if and only if v lies on the boundary of the
triangle t, the resulting graph is the Gray graph. Hen e the Gray graph ts onto the same
surfa e!

Figure 6: The Gray graph ts into the same surfa e.
5

x 7. The lower bound. This shows that the upper bound for the genus is 7. The lower
bound 7 follows from the following:

Proposition 1 Let L be the Levi graph and let M be the Menger graph of some (v3 )
on guration C , then (M )  (L).

Start with the genus embedding of ubi bipartite graph L with verti es
olored, say bla k and white. By the reverse pro ess depi ted in Figure 6 one an obtain
the embedding of M in the same surfa e. For ea h white vertex w of L having three adja ent
bla k verti es, say a; b; , introdu e three new edges, forming a triangle that joins the three
bla k verti es a; b; . Remove all original edges and all white verti es.
Proof.
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Figure 7: The dual Menger graph D and the Holt graph H , its spanning subgraph.
x

8. The dual Menger graph D and the Holt graph. There is just one un nished

ase to onsider. Namely, the dual Menger graph D an also be embedded into the surfa e of
genus 7. It turns out that this graph is quite interesting. It is the Cayley graph Cay(G; S )
where G is the semidire t produ t G = Z9 o Z3 = ha; bja9 = b3 = 1; b 1 ab = a4 i and
S = fa; a 1 ; ab; (ab) 1 ; (ab2 ); (ab2 ) 1 g. Therefore D an be des ribed as a Z9 - overing
graph over the base graph in Figure 8. The three gray verti es oin ide with the three
orbits of the group element a. Letting x = a; y = ab; z = ab2 , it may be veri ed that the
group G admits the presentation:
D = hx; y; z jx9 = y 9 = z 9 = 1; y

1

xy = x4 ; x

1

yx = y 7 ; xyz = 1i

Consequently we also have

fx

1

yx = y 7 ; x

1

zx = z 4 ; z

1

xz = x7 ; z

1

yz = y 4 g

Note the y li symmetry of x; y; z in the presentation of G [11℄. We remark that a
deletion of any of the three 2-fa tors isomorphi to 3C9 orresponding to x,y, or z gives
6

rise to a graph isomorphi to the Holt graph H . The 4-valent Holt graph of girth 5 is
the smallest 1=2-ar transitive graph, that is, vertex- and edge- but not ar -transitive; see
Figure 7. Figure 8 shows two essentially di erent ways to des ribe H as a Z9 over graph
of a graph on three verti es. In one ase the base graph is a doubled triangle, in the other,
it is a triangle with loops. In ea h ase, the voltage assignment from Z9 is shown.
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Figure 8: The Z9 voltage graph for the dual Menger graph and the three voltage subgraphs
for the Holt graph.
x 9. The Final Problems. What is the genus of D ? What is the genus of H ? The
genus of Z9 o Z3 is known (Brin, Raus henberg, Squier, [7℄). Namely, (Z9 o Z3) = 4.
On the other hand we proved that D admits an embedding into the surfa e of genus 7.
Sin e H is a subgraph of D it follows that 4  g(H )  g(D)  7. The Gray graph is

7

the smallest semisymmetri ubi graph. There are others: The next largest one has 110
verti es [13℄ and is shown in Figure 9. Sin e it is bipartite, of girth 10 the orresponding
dual on gurations may also be the lue to its genus. The genus question an also be asked
for the third graph on 112 verti es [5℄.

Figure 9: The se ond semisymmetri
10.

ubi graph on 110 verti es is bipartite and has girth
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