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ON THE PONTRYAGIN-STEENROD-WU THEOREM

Dusan Repovs, Mikhail Skopenkov and Fulvia Spaggiari
We present a short and dire t proof (based on the Pontryagin-Thom
onstru tion) of the following Pontryagin-Steenrod-Wu theorem: (a) Let M be a
onne ted orientable losed smooth (n + 1)-manifold, n  3. De ne the degree map
deg :  n (M ) ! H n (M ; Z) by the formula deg f = f  [S n ℄, where [S n ℄ 2 H n (M ; Z)
is the fundamental lass. The degree map is bije tive, if there exists 2 H2 (M; Z2)
su h that  w2 (M ) 6= 0. If su h does not exist, then deg is a 2-1 map; and (b)
Let M be an orientable losed smooth (n + 2)-manifold, n  3. An element lies in
the image of the degree map if and only if 2  w2 (M ) = 0.
Abstra t.

1. Introdu tion

Throughout this paper let M be a onne ted orientable losed smooth manifold
of dimension m = n + k. Denote by Lk (M ) the set of k-dimensional framed links in
M up to framed obordism. By the Pontryagin-Thom onstru tion, the set Lk (M )
is in 1{1 orresponden e with the set n (M ) = [M ; S n℄ of ontinuous maps M ! S n
up to homotopy. The main purpose of this paper is to des ribe L1(M ) = n (M )
for k = 1 and in the 'stable range' n  3. The des ription of n (M ) was redu ed in
[Pon39℄ [Ste47℄ (see also [FoFu86; x30.3℄) to al ulation of Steenrod squares, whi h
was done by Wu ( f. [FoFu86; x30.2.D℄).
In this paper we present a short proof of this Pontryagin-Steenrod-Wu lassi ation theorem. There are reasons to believe that this is the original Pontryagin's
proof, whi h he has never published, be ause he went straight ahead to the general
ase { when M is an arbitrary polyhedron ( f. Theorem 1.2 below and the remark
after its formulation).
This lassi ation is based on the notions of natural orientation on a framed link
and degree of a framed link, de ned as follows. Take a point x on a framed link
L and let f1 ; : : : ; fn be the frame at this point. The basis e1 ; : : : ; ek of Tx (L) is
positive, if the basis e1 ; : : : ; ek ; f1 ; : : : ; fn of Tx (M ) is positive. The degree deg L of
L is the homology lass (with integral oeÆ ients) of naturally oriented L. So we
have a map
deg : Lk (M ) ! Hk (M ; Z):
The Hopf-Whitney theorem of 1932-35 asserts that this map is bije tive for k = 0
and surje tive for k = 1.
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(a) Let M be a onne ted orientable losed smooth (n +1)-manifold,
n  3. The degree map deg : L1 (M ) ! H1 (M ; Z) is bije tive, if there exists
2 H2 (M; Z2) su h that  w2 (M ) 6= 0. If su h does not exist, then deg is a 2-1
map (i.e. ea h 2 H1 (M ; Z) has exa tly two preimages).
(b) Let M be an orientable losed smooth (n + 2)-manifold, n  3. An element
lies in the image of deg : L2 (M ) ! H2 (M ; Z) if and only if 2  w2 (M ) = 0.
Here  is the multipli ation Hk (M ; Z2)  H k (M ; Z2) ! Z2. However, in the
Theorem 1.1.

proof of Theorem 1.1 it is onvenient to repla e the ohomologi al Steifel-Whitney
lasses by their homologi al duals. These lasses are denoted by the same letters wi
and wi , and their geometri de nition (equivalent to other de nitions) is re alled
below. Then  in the above (and in all the below) formulae is to be understood as
the interse tion produ t Hi (M )  Hj (M ) ! Hi+j m (M ).

(a) Let M be a onne ted orientable losed smooth
1
3-manifold. Then deg
is in a one-to-one orresponden e with Z=2 \ H2 (M ; Z);
for ea h 2 H1 (M ; Z). (b) Let M be an orientable losed smooth 4-manifold. Then
any element lies in the image of deg : L2 (M ) ! H2 (M ; Z) if and only if  = 0.
Theorem 1.2 (Pontryagin).

Theorem 1.2.b an be proved analogously to our proof of Theorem 1.1.b below.
Our methods an perhaps be used to prove Theorem 1.2.a whi h was stated without
proof in [Pon39℄. In fa t, Theorem 1.2.a was not in luded in [Pon39℄ (published in
English), but only in the abstra t (published in Russian), without any indi ation
of its proof. This makes it even more important to have a published proof of this
result.
2. Geometri definition of homology Stiefel-Whitney lasses

Take a general position system of s tangent ve tor elds on M . Let   M be
the set of points at whi h these ve tor elds are not linear independent.
By transversality [DNF79; x10.3℄  is a submanifold of M . The Stiefel-Whitney
lass wm+1 s(L) 2 Hs 1(M ; Z2) is the lass of the submanifold  (this is the rst
obstru tion to existen e of a linear independent system of s tangent ve tor elds
on M ).
This de nition an be easily generalized to the ase when tangent ve tor elds
in T M are repla ed by ve tor elds in an arbitrary ve tor bundle with the base M .
If L  M is a submanifold, then su h lasses for the normal bundle of L in M and
for the restri tion of T M to L are denoted by w2 (L) and w2 (M )jL, respe tively.
We will also use relative versions of these lasses. For example, suppose that
L  M is an l-submanifold with boundary and a system f of m l 1 linearly
independent normal ve tor elds is given on L. Then we an extend f to an
arbitrary general position system of normal ve tor elds on L.
De ne w2 (L; f ) 2 Hl 2 (L; Z2) to be the lass of the (l 2)-submanifold, on
whi h these extended ve tor elds are not linearly independent (this is the rst
obstru tion to extension of f to a linear independent system on L). We will omit
f from the notation, if no onfusion ould arise.
3. Proof of Theorem 1.1.b

Take any 2 H2 (M ; Z). The lass an be realized by an orientable 2submanifold L  M . Clearly, 2 Im deg if and only if some su h L an be
framed.

ON THE PONTRYAGIN-STEENROD-WU THEOREM

3

We an onsider only onne ted L. Indeed, if some dis onne ted L an be framed,
then the submanifold, whi h is the onne ted sum of all onne ted omponents of
L, an also be framed and realizes the same homologi al lass (this argument an
be modi ed easily also for dis onne ted M ).
In this paragraph we show that L an be framed if and only if w2 (L) = 0. By
the de nition of w2 (L) this ondition is ne essary. In order to prove the suÆ ien y
assume that w2 (L) = 0. Sin e n  3 and dim L = 2, it follows that there is an
orthonormal system of normal to L ve tor elds f1; : : : ; fn 1.
Sin e L2 and M n+2 are orientable, it follows that the normal bundle to L is
orientable. Fix an orientation of the bundle. Taking a unit ve tor eld fn ortogonal
to f1 ; : : : ; fn 1 and su h that the basis f1 ; : : : ; fn is positive (with respe t to the
spe i ed orientation of the bundle), we obtain the required framing.
Now the theorem follows from
w2 (L) = w2 (M )jL = w2 (M )  [L℄ = w2 (M )  2 :

Here the rst equality follows by the Wu formula of Stiefel-Whitney lasses of
the sum of two bundles: w2 (M )jL = w2 (L) + w1 (L)  w1 (L) + w2 (L), in whi h
w2 (L) = w1 (L) = 0 be ause L is an orientable 2-manifold (the rst equality an
also be proved dire tly). The se ond equality follows by the above Geometri
de nition be ause L is onne ted (we identify H0 (L; Z2) 
= H0 (M ; Z2)). 
= Z2 
4.Proof of Theorem 1.1.a

Take an element 2 H1 (M ; Z). Let L1; L2  M be a pair of framed 1submanifolds su h that deg L1 = deg L2 . Denote by [L1℄; [L2℄ 2 L1 (M ) their
lasses. Sin e L1 and L2 are homologous, by general position it follows that there
is an embedded 2-dimensional obordism L  M  I (not framed) between them:
L = L1 t L2 . Clearly, [L1 ℄ = [L2 ℄ if and only if for some L the framing of L
extends to L. Sin e M is onne ted, it follows that we an onsider only onne ted
L.
Let us show that the framing of L extends to that of L if and only if w2 (L) = 0.
By de nition of the relative Stiefel-Whitney lasses this ondition is ne essary. Let
us prove the suÆ ien y. Assume that w2 (L) = 0. Sin e n  3 and dim L = 2, it
follows that the orthonormal system of the rst n 1 ve tor elds of the framing
of L extends to L.
Sin e L and M  I are orientable, and L1 , L2 are naturally orientable, it follows
that there is an orientation of the normal bundle of L in M  I restri ted to the
given orientations on L1 and L2. So we an add one more unit ve tor eld to the
onstru ted orthonormal system on L to obtain a positive basis at ea h point of L
(with respe t to the spe i ed orientation of L). So the required extension of the
framing of L to L is onstru ted. 
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Completion of the proof of Theorem 1.1.a in the ase when there exists
H2 M; Z2 su h that w2 M
.
w2 L

2 (
)
 ( ) 6= 0 If  ( ) = 0 then there is nothing to
prove. Assume further that w2 (L) = 1. Here w2 (L) 2 H0 (L; Z2) 
= Z2, be ause L
is onne ted. Further we identify all groups H0(X ; Z2) isomorphi to Z2 with Z2.
Let us onstru t a new obordism L0 between L1 and L2 su h that w2 (L0) = 0.
Let K be a onne ted orientable general position 2-submanifold realizing the lass
. We may assume that K  M  12 . Then
w2 (K ) = j  I \ K j = j \ K j = w2 (M )  = 1 mod 2:

Here   M  21 is a submanifold realizing the lass w2 (M ), the rst equality
follows from Geometri de nition above. Put L0 = L℄K (L \ K = ; by general
position). By Claim 3 below w2 (L0 ) = w2 (L) + w2 (K ) = 0, and this ase of the
theorem is proved. 

Suppose that K 2 ; L2  M n+2 is a pair of disjoint onne ted orientable
submanifolds and a frame of K and L is given on K and L respe tively. Then
w2 (K℄L) = w2 (K ) + w2 (L), where the groups H0 (X ; Z2) are identi ed with Z2 for
X = K℄L, K and L.
Claim 4.1.

Take a pair of small 2-disks k  K and l  L. Let kl 
= S1  I
be a narrow tube su h that kl = k t l and kl is tangent to both disks k and l.
Fix a trivial frame of k and l (and, onsequently, of k and l).
By the above geometri de nition it follows easily that w2 (K℄L) = w2 (K k) +
w2 (kl) + w2 (L l). On the other hand, analogously one an he k that w2 (K ) =
w2 (K k)+w2 (k) and w2 (L) = w2 (L l)+w2 (l). Sin e w2 (kl) = w2 (k) = w2 (l) = 0,
it follows that w2 (K℄L) = w2 (K ) + w2 (L). 
Proof of Claim 4.1.

Completion of the proof of Theorem 1.1.a in the
H2 M; Z2 we have w2 M
.

2

ase when for ea h

 ( ) = 0 It suÆ es to show that for xed [L1℄ the
map [L2 ℄ 7! w2 (L) is well-de ned and is a bije tion deg 1 ! Z2.
(

)

Let us prove that the map is well-de ned. Let L01 and L02 be a pair of framed
submanifolds of M framed obordant to L1 and L2 respe tively. Let L0 be a (not
framed) obordism between them. It suÆ es to prove that w2 (L) = w2 (L0) in ase
when L1 and L01, L2 and L02 , L and L0 are in general position.
Assume that L1 ; L01  M  1, L2 ; L02  M  0 and L; L0  M  [0; 1℄. Change
the sign of the rst ve tor eld belonging to the framings of L01 and L02. Denote
the obtained framed submanifolds by L01 and L02 respe tively.
Denote by w2 ( L0 ) the relative Stiefel-Whitney lass of L with the reversed
framing of L0. Then w2 ( L0 ) = w2 (L0 ). Further, both L1 t( L01 ) and L2 t( L02 )
are framed obordant to zero, i. e. to an empty submanifold. Let L+  M [1; +1)
and L  M  ( 1; 0℄ be the orresponding framed obordisms. Then w2 (L+ ) =
w2 (L ) = 0.
By general position L \ L0 = ;. Denote by K = L [ L+ [ L0 [ L By the above
Geometri de nition it follows easily that
w2 (K ) = w2 (L) + w2 (L+ ) + w2 ( L0 ) + w2 (L ) = w2 (L) w2 (L0 ):

It suÆ es to show that w2 (K ) = 0. Let be the ohomologi al lass of image of K
under the proje tion M  R ! M . Analogously to the proof of the previous ase
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of the theorem we see that w2 (K ) = w2 (M )  = 0, hen e w2 (L) = w2 (L0) and our
map deg 1 ! Z2 is well-de ned.
Now let us prove that our map is inje tive. It suÆ es to show that if L02 is a
framed 1-submanifold and L0 is a onne ted 2-dimensional embedded obordism
(not framed) between L1 and L02 su h that w2 (L) = w2 (L0 ), then [L2℄ = [L02℄.
Indeed, we may assume that L1  M  0, L2  M  1, L02  M  ( 1),
L  M  [0; 1℄ and L0  M  [ 1; 0℄. Then L [ L0 is a obordism between L2 and L02 .
By the above Geometri de nition it follows that w2 (L [ L0) = w2 (L)+ w2(L0) = 0,
hen e L [ L0 an be framed. So our map deg 1 ! Z2 is inje tive.
Let us prove that our map is surje tive. It suÆ es to show that some [L2℄ is
mapped to 1. Sin e M is orientable, it follows there exists a framing f1 of L1. Fix
a homeomorphism L1 
= S1.
Denote by f1(x) the reper of the framing at the point x 2 S 1 . Take a map
' : S 1 ! SO(n) realizing a nonzero element of 1 (SO(n)) 
= Z2 (whi h is true
be ause n  3). De ne a new framing f2 of L1 by the formula f2(x) = '(x)f1(x).
The obtained framed submanifold is the required submanifold L2. Indeed, take
L = L1  I . Then w2 (L) = 1. Indeed, assume the onverse. Then the frames of
L1 and L2 an be extended to the frame of L1  I . This frame gives the homotopy
between ' and the onstant map in SO(n), that ontradi ts to the hoi e of '.
This ontradi tion ompletes the proof of our theorem. 
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