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Abstract

Let P = [p; lij>0 be an infinite matrix whose entries satisfy p; j = up; j—1 + Api—1; +
vp;—1,j—1 for 4,5 > 1, and whose first column resp. row satisfy linear recurrences with
constant coefficients of orders p resp. . Then we show that its principal minors d,
satisfy d,, = Z§:1 cjwI™d,_; where ¢; are constants, w = A + v, and § = (p;ff).
This implies a recent conjecture of Bacher [2].

1 Introduction

The problem of symbolic evaluation of determinants has rightly received considerable at-
tention in the literature (see [5] for an excellent survey). Nevertheless, we are still lacking
a uniform mechanism for determinant evaluation akin to the well-known Zeilberger’s algo-
rithm for evaluating hypergeometric sums [9]. Given the summand, Zeilberger’s algorithm
constructs a recurrence (w.r.t. a parameter) which is satisfied by the sum in question. This
recurrence is very useful as it can often be used to evaluate the sum in closed form, or to
prove its properties by induction.

There have been attempts to emulate this approach in the determinant calculus, notably
by using Dodgson’s recurrence satisfied by the minors of a matrix (see [10] and [1]). However,
this recurrence is nonlinear, and furthermore, once unfolded, it involves all the contiguous
minors of the starting matrix, which is unfortunate if only some of them (e.g., the principal
ones) have a nice evaluation.

For matrices defined by simple linear recurrences with constant coefficients, R. Bacher
has recently conjectured (]2, Conjecture 3.3]; see also [6]) that the sequence of their principal
minors satisfies such a recurrence as well. More precisely, let P = [p; j]; ;>0 be an infinite
matrix with the following properties:
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1. The elements of the first column (p; ¢);>o satisfy a homogeneous linear recurrence with
constant coefficients of order at most p, and the elements of the first row (pg;);>0
satisfy a homogeneous linear recurrence with constant coefficients of order at most o.

2. The remaining elements of P satisfy Pascal’s rule p; j = pi—1; + pij—1.

Let d,, be the principal minor of P consisting of the elements in its first n + 1 rows and
columns. Then Bacher conjectured that the sequence (d,)n>0 satisfies a homogeneous linear

recurrence with constant coefficients whose order is at most (pJ;fIQ). In [2], he proved this
conjecture in the case p = ¢ = 2. In the same paper, Bacher conjectured some evaluations

of determinants whose entries satisfy the modified Pascal’s rule

Dij = DPi-1, T+ Pij—1 1+ TDi—1,-1-

These conjectured evaluations were later proved by Krattenthaler [6].
In this paper we prove a generalization of Bacher’s conjecture on principal minors of
Pascal-like matrices. We allow that the matrix entries are defined recursively by

Dij = MPij—1 + ADi—1j + UPi—1j-1-

We show that when the elements of the first row and column (except, maybe, a few starting
elements) satisfy homogeneous linear recurrence equations with constant coefficients then
the sequence of the principal minors

1. is eventually zero if Ay + v = 0,

2. satisfies a homogeneous linear recurrence with constant coefficients if A\pu+v = 1 (which
implies Bacher’s conjecture where = A = 1,v = 0),

3. satisfies a homogeneous linear recurrence with exponential coefficients if Ay +v # 0, 1.

In the latter case, a simple substitution converts the recurrence into one with constant
coeflicients, so in all three cases it is possible to obtain a closed-form evaluation of the n-th
principal minor.

Our proof, like Bacher’s in the case p = 0 = 2, proceeds in two main steps: first
we transform our Pascal-like matrix by determinant-preserving transformations to band-
diagonal form. Then we show that the principal minors of every band-diagonal matrix
satisfy a nontrivial linear recurrence. To avoid explicit summations in matrix products, we
use generating functions. In Section 2 we show how to compute the generating function of
a matrix product from the generating functions of its factors (Theorem 1), and characterize
Pascal-like matrices through the type of their generating function. We also define (7, s)-
banded matrices as band-diagonal matrices of bandwidth r 4+ s + 1, with r subdiagonals
and s superdiagonals. In Section 3 we show that the principal minors of any (r, s)-banded
matrix M satisfy a homogeneous linear recurrence of order at most (rjs) (Theorem 2).
If M is constant along diagonals this recurrence has constant coefficients. In Section 4 we
transform a Pascal-like matrix to a (p—1, 0 —1)-banded matrix while preserving the values of
its principal minors (Theorem 3). Finally, in Section 5, we give our main result (Corollary 4)
which implies an algorithm for evaluation of Pascal-like determinants in closed form (Remark
3), and present several examples of its use, and of applications of our methods to some other
determinant evaluations.



2 Preliminaries

We work with infinite matrices of the form A = [a;]; ;>0 and their generating functions
Fu(x,y) = ;50 iy, regarded as formal power series in z and y. First we show how
to compute the generating function of a matrix product from the generating functions of its
factors.

Definition 1 Let f(u,v) = 2, ;0 a; juv? be a formal power series in u and v. Its diagonal
is the univariate series diag f = (diag f)(t) = Ygz0 G it®

Theorem 1 Let A = [a;;]; j>0 and B = [b; ;i j>0 be such that the sum Y ;¢ a; kby; has only
finitely many nonzero terms for all i,j > 0. Then Fap(z,y) = g(1) where g(t) = (diag f)(t)
and f(ua U) = FA(xa u)FB(U7y)'

Proof: Write a*(z) = Sis0 @i px’ and by(y) = 2550 br.;y’. Then

Fap(z,y) = D apbea’y’ = DD aipa™d by’ = D a"(2)bi(y).

i, k>0 k>0 i>0 >0 k>0
As
flu,0) = Fa(z,u)Fp(v,y) = D agpa'e® Y7 by o™y’
i,k>0 m,j>0
= > d Y aipx’ Y by = > d(@)bm(y)uFo™,
k,m>0 >0 >0 k;m>0

it follows that

(diag f)(t) = >_ a"(2)br(y)t",

k>0

hence Fap(x,y) = (diag f)(1) as claimed. O

Corollary 1 Let A and B be infinite matrices satisfying the assumptions of Theorem 1 and
having rational generating functions. Write G(t,z) = Fa(x,t/2)Fp(z,y)/z. Then

i) Fag(z,y) = g(1) where g(t) = >, Res.—..(nG(t, z), and the sum of residues ranges over
(i) y) =g g i 0 g
those poles z = z(t) of G(t,z) for which lim; g 2;(t) = 0,

(ii) Fap(z,y) is algebraic.

Proof: Ttem (i) follows from Theorem 1 and [4, Theorem 1] (see also [8, p. 182]), and (ii) is
an immediate consequence of (i). O

Remark 1 Note that since the diagonals of f(u,v) and f(v,u) coincide, we may also take
G(t,z) = Fa(z,2)Fp(t/z,y)/z in Corollary 1.
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Figure 1: Matrices L and R

Next we assign to each linear recurrence operator with constant coefficients a lower tri-
angular matrix in a natural way. Let E denote the shift operator acting on sequences
z = (Z)n>0 by (Ex), = Zpy1. Define E~* by (E~'2), = z,q for n > 1, (E7'2), = 0.
Clearly E~! is a right inverse of E.

Let p(t) = 35_, cxt® be a polynomial. Then

p(E_l) = Z crE7F
k=0

is a linear recurrence operator acting on the space of sequences. Define M(p(E™1)) =
[m; j]ij>0 to be the lower triangular, band-diagonal matrix with elements

I Ci—j, OSZ—]ST,
“I 0, otherwise.

Note that M(p(E~1)) is the matrix representing p(E~1) in the canonical basis (e/));5o where
el) = d;n for all j,n > 0. It is straightforward to compute its generating function

p(z)
1—ay

Fupe-y)(z,y) =

Proposition 1 Denote L = M(E™!) and R = L (see Fig. 1). Then Fp(x,y) = 2%/(1 —
zy), Fre(x,y) = y*/(1 —zy), and RL = I. Let A be an infinite matriz. Then LA is A with
a new first row of zeros, AL is A without its first column, AR is A with a new first column of
zeros, RA is A without its first row, Frrs(z,y) = 28 Fa(z,y), and Fape(x,y) = y*Fa(z,y).
Also, LA = AL iff A is lower triangular and constant along diagonals (i.e., a; ; depends only
oni—j), and AR = RA iff A is upper triangular and constant along diagonals.

We omit the straightforward proof.

Definition 2 An infinite matriz P = [p; ;]; j>o0 is Pascal-like with parameters A, u, v if its
entries satisfy the recurrence

Dij = APi—1; + [Dij—1 + VDi—1,-1 for i,5 > 1, (1)

and the generating functions of its first column and row, denoted a(x) = Y ;5opiox’ and
By) = Xj>0 po.;y’, respectively, are rational functions of x and y.
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Proposition 2 A matriz P is Pascal-like with parameters X\, i, v if and only if its generating
function is of the form
f(@) +9(y)

1—Ae —py —vay

Fp(z,y) = (2)

where f(x) and g(y) are univariate rational functions.

Proof: Let P be Pascal-like with parameters A, u, v. Recurrence (1) is clearly equivalent to

the matrix equation
P=ALP+ uPR+vLPR+C (3)

where co0 = Po,, €0 = Pio — Api—10 for i > 1, cg; = poj — ppo,j—1 for j > 1, and ¢; ; = 0 for
i,7 > 1. From (3) we obtain, by Proposition 1,

Fp(-T,y) = )\ZL’FP(.T,Q) +:uyFP(:an) + l/ilfpr(l',y) + FC’(xvy)

which implies

Frlay) = o (@)
where
Fe(z,y) = (1—=Az)a(z) + (1 — py)B(y) — poo- (5)

Conversely, if Fp(x,y) = 3, j>o pija'y’ is of the form (2) then, by equating the coefficients
of like powers of z and y in (2), we obtain (1). The generating functions Fp(z,0) =

(f(z)+9(0))/(1 = Ax) and Fp(0,y) = (f(0)+ g(y))/(1 — py) of the first column and row
of P, respectively, are obviously rational. O

Note that (4) also immediately follows from [3, Equation (18)].

Corollary 2 Any submatric S = [p; jli>ip.j>jo 0f @ Pascal-like matriz P = [p;;]; j>0 with
parameters \, i, v is again Pascal-like with the same parameters.

Proof: The entries of S clearly satisfy (1). By Proposition 2, the generating function Fp(z,y)
is rational, hence so are the generating functions of any of its rows and columns. In particular,
the generating functions of the first row and column of S, which are truncations of row i,
and column j, of P, respectively, are rational. O

Unless noted otherwise, we use the following notation in the rest of the paper:

o P = [p;;lij>o0 is a Pascal-like matrix with parameters A, p1, v,

o(x) = ar(x)/a(z) = Y50 piox’ where a; and a are polynomials and a(0) = 1,
o B(y) = bi(y)/b(y) = X0 Po;y’ where by and b are polynomials and b(0) = 1,

e p=dega, o =degh,

d, = det [p; jlo<ij<n,



o w=J\u+v.

Definition 3 Let r and s be nonnegative integers. An infinite matric A = [a; ;>0 is
(r,s)-banded if a;; = 0 unless —s <i—j <r.

Note that an (r, s)-banded matrix is band-diagonal with bandwidth at most r + s + 1.
In particular, an (r, r)-banded matrix is (2r + 1)-diagonal.

Definition 4 Infinite matrices A = [a; ;>0 and B = [b;;]ij>0 are equimodular if the
sequences of their principal minors agree, i.e., det[a; jlo<i j<n = det[b; jlo<ij<n for alln > 0.

For example, if A is lower triangular with unit diagonal, then P, AP, and PAT are
equimodular matrices.

3 A recurrence for band-diagonal determinants

In this section we show that the sequence of principal minors of an (r, s)-banded matrix
satisfies a homogeneous linear recurrence of order ¢ = (Tjs). This is a generalization of the
well-known three-term recurrence satisfied by the principal minors of tridiagonal matrices,
and also of [2, Theorem 7.1] which proves this result for matrices M satisfying m; ; = m;_p ;_p

(p-periodic matrices).

Definition 5 A rational function f(xq,...,x,) is homogeneous of order k if f(tx1, ..., tx,) =
thf(xy, ..., x,) where t is another indeterminate.

Theorem 2 Let A = [a;;]; -, be an (r,s)-banded matriz and § = (T:fs). Denote by d,, the
principal minor of A consisting of the elements in rows 0,1,...,n and columns 0,1,...,n of
A. Then forn > § the sequence (d,),>0 satisfies a nontrivial homogeneous linear recurrence
of the form d, = 0_, Ryd,_i, where each Ry, is a homogeneous rational function of order k
of entries an_ijpn—j (0<i<d—1,—-s<j<r+9§—1).

A CoyC1y...,Cpn
To,T1,...,Tn
the submatrix of A consisting of the elements in rows r¢, 71, ..., r, and columns cg, ¢y, . . ., Cp.
For 1 <j; <jo<---<j. <r+s, define

Proof: Denote by

PP
.. . A 07 yee s N N—T+J1,N—"+]2,...,1 T+]'I‘) , n 2 7,.,’
AULI250dr) ‘ 0,1,...n ‘
n - — - —_ cee -
A (nortir—an S"Jlryr;m n 7“+Jr)’ n<r

and
dUr20r)  — qet AULI200r)

Note that j, > s, son —r + j,_, > 0. Also,
d7(11,2,...,r) _ dn

Let n > d. To obtain a system of recurrences satisfied by dU172-r) expand d{J1+72) w.r.t.
its last row. There are two cases to distinguish:



a) If j, =r + s, the expansion has only a single nonzero term:

o V11 ot Lo g b1
d7(1]17]27 Jr) (s s d( Jj1+1,52 Jr—1 )‘ (6)

n—1

b) If j. < r + s, we obtain the expansion

1,525+ 1] _ r (j1+1,524+1,...,5-+1)
d%“ 925-+5r) (1) Ann—r A1 "
T
r+i (Lji41, i1 +1,5ip1+1,00,004+1)
+ D (1) M angrsg, dy (7)
=1

where a,,; = 01if j < 0.

Let Si,Ss,...,Ss be an enumeration of all r-subsets of {1,2,...,r + s}, such that S; =
{1,2,...,r}. It S; = {Jj1,j2, ..., Jr}, denote

dg,) — dgljlv.hrn:jr).

Then (6) and (7) can be written uniformly as

1
A = Y ern)dl, (1<i<0) (®)
k=1

where each nonzero ¢;x(n) is one of a,,—; (—s < j < r) or its negative. By shifting (8)
down § — 1 times w.r.t. n we obtain §? linear equations

b
d = Y —j+1)dY, (1<i<s 1<5<9). (9)
k=1

The entries of A involved are a,_;,—; (0 <i <§—1,—s < j <r+ 06— 1), where entries
with a negative index are taken to be zero. We claim that these equations for the unknowns
d,(f),j, 1 <i<6,0 <5 <9, are linearly independent. To prove this, assume that a linear
combination £ of them vanishes identically. As each d?), 1 < i < §, appears in a single
equation, and its coefficient in that equation equals 1, all the coefficients in £ corresponding
to these § equations (which have j = 1) must vanish. But now each dg)_l, 1 <0 <6,
appears in a single equation as well, and its coefficient in that equation equals 1, so again
all the coefficients in £ corresponding to these ¢ equations (which have j = 2) must vanish.

Inductively, we see that all the coefficients in £ vanish, which proves the claim.
It follows that from (9) we can eliminate (by Gaussian elimination, say) the 6% — 1
(@)

unknowns dn,j, 2 <i<9,0<j <94 This leaves us with a nontrivial linear equation

involving the unknowns av .o < j < 9, which is the desired recurrence satisfied by the

n—y’
sequence (dV),>0 = (dy,)n>o0-

It remains to show that this recurrence has the promised form. Call a linear equation &
of the form 22:1 >0 Rjykdflk,)j = 0 uniform if each coefficient R, is a rational function of
the matrix entries, homogeneous of degree j + t¢ where tg depends only on £. Equations (8)
are clearly uniform in this sense, and Gaussian elimination preserves uniformity of equations.
Hence the final equation (involving only d,,_; for 0 < j < §) is uniform as well. Division by

the highest nonzero coefficient, and some shifts if necessary, put it into the desired form. O



Remark 2 The asymmetry in the ranges of row and column indices of entries an_;,—;
which appear in the coefficients of the recurrence obtained in Theorem 2 (0 < i < § — 1
vs. —s < j < r+6—1) seems to be an artefact of our proof. Had we ewpanded dJr72-r)
w.r.t. its last column rather than row (or equivalently, if we wrote down the recurrence for
the transposed matriz AT, then rewrote the coefficients in terms of the entries of A), the
ranges would be —r < 1 < s4+9d—1and 0 < 57 < § — 1. But since elimination can be
performed in such a way that the obtained recurrence is of minimal order, both recurrences
should be the same. This argument, if made rigorous (which we believe could be done), would
imply that the actual ranges are 0 < 1,7 < 6 — 1, and that the recurrence is invariant under
transposition a; ; < a;;. Both claims are supported by the example below.

Example 1 We wrote a Mathematica program based on the proof of Theorem 2 which com-
pules a recurrence satisfied by the sequence of principal minors of an (r,s)-banded matriz.
For a generic tridiagonal matriz (r = s = 1), we obtain for n > 2

dn = Qnn dnfl — Qp—1,n Ann—1 dn72- (1())

This recurrence is well known in numerical linear algebra where it is used in certain methods
for computing eigenvalues of symmetric matrices.
For a generic pentadiagonal matriz (r = s = 2), we obtain for n > 6

dn—ﬁ Qp—5n—3 An—4n—2 An—3n—5 An—3n—1 Ap—2n—a4 Adn—1,n—3 (a'n—Q,n—l Ap—1n Ann—2 —
Qp—2n An—1,n—2 an,n—l) +
dnft') Ap—4,n—2 An—3n—1 An—2n—4 Qn—1,n—3 (anf?),nfl Ap—2n—3 An—1,n Ann—2 —
Ap—3n—30n—2n—10n-1n Ann-2 — Gp—-3n—2An—2n Gn—1n—3 Apn—1 +
Ap—3n—3An—2n An—1n—2 an,n—l) -
dnf4 anfi’),nfl anfl,nfﬁi (an73,n72 aan,nfl anf2,n anfl,nfi‘} an,n72 -
Gp—3n—10n—2n—-3 An—2n Apn—1n—2 Qnn—2 + Ap—3n—1an—2n—3 An—2n—2 An—1n Ann—2 —
(p—3n—20n—2n—-3An—2n—10n—1n Ann—2 — An—3n—20n—2n—-2 Gn—2n An—1,n—3 Ann—1 +
an73,n72 an72,n73 an72,n @nfl,n72 an,nfl) -
dn—3 (an—S,n—Q a'n—l,n—3 an—l,n an,n—? ai—Q,n—l -
p—3n—20n—2nAn—-1n-3 On—1n—-10ann—2 An—2n—-1 —
anf?),nfl an72,n72 anfl,nfS anfl,n an,an an72,n71 +
Ap—3n—10n—2n—3 An—2n On—1n—-2an—-1n—10nn-2 —
ap—-3n—1 an72,n73 an72,n aifl,nfg Apn—1 +
Ap—3n—10p—2n—20an—2n Apn—1n-3 An—1n—2 an,n—l) -
dn—2 (an—3,n—1 Ap—2.n—1 an—l,n—S an—l,n Apn—2 — an—3,n—1 Ap—2n—3 Ap—1,n—1 an—l,n Apn—2 —
an73,n71 an72,n anfl,n73 anfl,n72 an,nfl + an73,n72 an72,n anfl,nf?; anfl,nfl an,nfl -
Ap—3n—20n—2n—1an—1,n—3 An—1,n An,n—1 + Ap—3n—1an—2n—3An—1,n—2 An—1n CLn,n—l) -
dn—l (an—S,n—l Ap—2.n—3 an—l,n Apn—2 — an—S,n—2 Ap—2n An—1n—-3 An,n—1 +
CLnf?),n72 aan,nfl anfl,nfB an,n - an73,n71 anf2,n73 anfl,nf2 an,n) +

dn (an—S,n—Z Ap—2n—10n—-1n-3 — Gp—3n—-1An—2n—3 an—l,n—2) = 0.
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The recurrence is simpler when the matriz A is constant along diagonals. Writing a2, = a,
Upiin = b, Gnp = €, Qppy1 = d, and a, ni0 = €, we obtain for n > 6
dp¢a’e® —d, sa*ce®* —d, sae(ae—bd) —d, 3(eb*+ad>—2ace)+
dn_Q (bd—ae) —dn_10+dn = 0. (11)

If, in addition, the matriz A is symmetric (i.e., a = e and b = d), the order of the recurrence
decreases by one. In this case we obtain for n > 5

dpsa® +dyya®(a—c)+dysa(®—ac)—dyo(®—ac)—d,(a—c)—d, = 0. (12)

4 Transformation to band-diagonal form

In this section we show how to transform a Pascal-like matrix P to a band-diagonal matrix
by a sequence of determinant-preserving elementary row and column operations. Following
Bacher’s proof of his conjecture in the case p = 0 = 2, we do this in two steps. At the first
step, we multiply P with operator matrices corresponding to annihilators of its first column
and row from the left and from the right, respectively.

Lemma 1 Let A= M(a(E™")) and B = M(b(E™')). Then

Fanar(0,9) = S0 (12
where
Fycpr(z,y) = (1= Az)ar(z)b(y) + (1 — py)a(x)bi(y) — pooalz)b(y) (14)

15 a polynomial in x and y.

Proof: Multiply (3) by A from the left and by BT from the right. Proposition 1 implies that
AL = LA and RBT = BTR, hence

APBT = A\LAPB" + nAPB"R + vLAPB"R + ACB”,

which gives (13). Now we compute Fycpr(x,y) using Corollary 1, Remark 1, and Equation
(5). The rational function

FA(:U,t/ZZ)FC(Z,y) _ Zaixit«l —\2)a(z) + (1 — ) B(y) — poy)

has a single pole z = xt satisfying 2 — 0 as t — 0, hence Fac(x,y) = a(z)Fo(x,y).
Similarly, from the residue of Fuc(z,2)Fpr(t/z,y)/z at z = yt we obtain Fycpr(z,y) =
a(x)b(y)Fo(z,y) which implies (14). O

It turns out that for each j there is a polynomial ¢; with degq; < j — 1 such that
for i > j + p, the i-th element of the j-th column of APB” equals ¢;(i)A\". An analogous

9



statement holds for the rows of APBT. Thus, at the second step, we annihilate these “out-of-
the-band” entries by multiplying APB” with suitable lower resp. upper triangular matrices
from the left resp. from the right.

Let S(c) = [si]i,j>0 denote the infinite matrix with entries

i (1), >
Si,j = ( C) (])’ Z 2 ‘7"

0, 1< 7,
whose generating function is

1

_ 15
1+cx—uzy (15)

Fs(z,y) =

Further, let S,(c) denote the block-diagonal matrix

Sr(e) = [ o 50 ]

where I, is the identity matrix of order r. Note that S,.(c) is lower triangular with unit
diagonal, and that Fs, ) (z,y) = (1 —2"y")/(1 —2y) + 2"y" /(1 + cx — xy). In particular,
1+cx

_ 16
l+cx—2xy (16)

FSl(c) (QT, y) =

Lemma 2 Let P be a Pascal-like matriz with parameters A, ju, v whose first column is zero.
Then S(X)P is an upper triangular matriz with zero diagonal.

Proof: By assumption, a(z) = 0. We use Corollary 1, (15), and (4). From the residue of

1 (= py)B(y)
(I1+Xz)—at 1—Xz—puy—rvyz

Fsoy(x,t/2)Fp(z,y)/z = -

at z = xt/(1 + A\z) we obtain

1—
Fsoyp(z,y) = %
Hence Fsoyp(x,y) = f(y,zy) where
(1 — pu) B(w)

f(uv U) =

1—pu—wv’
Thus Fsoyp(x,y) is a power series in y and xy, showing that S(\)P is upper triangular, and
the generating function of its diagonal is f(0,t) = (0)/(1 — wt) = poo/(1 —wt) =0. O

Lemma 3 Let P be a Pascal-like matrixz with parameters \, p, v whose first column and row
have generating functions of the form a(x) = ai(x)/(1 — Azx)? and B(y) = bi(y)/(1 — py)?,
respectively, where dega; < p and degby < 0. Then

(L4 Az)P~tay (w/(1+ Ax)) + (1 + py)” " 0u(y/ (1 + py)) — oo
1 —way

Fsoypsqyr (v,y) = (17)

where w = A\ + v.

10



Proof: We use Corollary 1, Remark 1, (15), and (4). From the residue of Fg\ (2, t/2)Fp(2,y)/2
at z = xt/(1 + Ax) we have

(1+Az)""lay (2/(1 + Ax)) + (1 = py) ™" bi(y) = poo

Fsoyr(z,y) = 1= iy — way

From the residue of Fg\p(x, 2) Fs)r(t/z,y)/z at z = yt/(1 + py) we obtain (17). O

Corollary 3 Let P satisfy the assumptions of Lemma 3. Then Q = S(A\)PS(u)? is an
(p — 1,0 — 1)-banded matriz, and the sequence of elements along each diagonal is geometric
with quotient w.

Proof: This follows from the shape of the denominator of (17), and from the fact that the
numerator of (17) is a sum of two polynomials, one of degree p — 1 and depending only on
x, the other of degree 0 — 1 and depending only on y. O

Now we have everything that we need to transform a general Pascal-like matrix to band-
diagonal form.

Theorem 3 Let P be a Pascal-like matriz with dega; < p+ k and degb; < o + [ where
k and | are nonnegative integers. If A = M(a(E™")) and B = M(b(E™')) then M =
S,k NAPBTS, ()T is an (p+k—1,0+1—1)-banded matriz, and each diagonal sequence
(Miitd)i>max{pthoti—dp Where —(p+k) < d < o +1 is geometric with quotient w.

Proof: By Lemma 1,
Faopr(z,y)
1=z —py —vay

FAPBT<x7 y) =

where Fycpr(x,y) is given in (14). The matrix Q := APBT is, in general, not Pascal-like.
But it is only in the upper-left ((p+ k) x (o +1))-corner that recurrence (1) is not satisfied,
therefore we divide ) in blocks as follows:

_ Ql o o Ql,l Ql,?
Q‘l@]‘[% Q”‘}_lQm Qw]’

where @1 has p+k rows, Q3 has o+ columns, and @y ; is of order (p+k) x (6 +1). Recalling

that

S T I F o

we have

M = 5,00 = | T, T |

We are going to show that S(\)Q,; is upper triangular with zero diagonal, Q2S5 (u)” is
lower triangular with zero diagonal, and N := S(\)Q225(u)" is (0 +1—1, p+k—1)-banded.
As n; j = Myt ik jtosr, this will imply that M itself is (p + & — 1,0 + 1 — 1)-banded.

11



Clearly Qo = RP™*Q, Q4 = QL°H, and Qz9 = Q2L = RPT*Q,. From the residue of

PR Facpr(t/z,y)
(1 =z2)((1 = py)z — (A +vy)t)

at z =t(A+vy)/(1 — py) we have

A+ uy)”*’“ Facer (1= py)/ (A +vy).y)

F -

Similarly we obtain

F (x ): <ﬂ+l/x>a+l FACBT(x,(l — )\ﬁ)/(M—FVw))
Qs\T, Y 1— Az 1— Az — py — vay

By Proposition 2, both )5 and )4 are Pascal-like matrices with parameters A, u, v, and by
Corollary 2, so is their common submatrix ()2,2.
If A # 0 then the generating function of the first column of Qs is, by (14) and (5),

_ )\p—i—k FACBT<1/)\7 O) _ )\p+ka<1/>\)FC(1/)\7 O)
1 -z 1 -z

FQz (l’, O)

It can be seen that Fp,(z,0) = 0 also when A = 0. By Lemma 2, it follows that S(\)Q2
is upper triangular with zero diagonal. The same is then also true of S(A)Q)2;, which is
composed of the first 0 4 [ columns of S(A\)@Qs. In an analogous way, it can be shown that
Q125(1)" is lower triangular with zero diagonal.

The generating function of the first row of Q)5 is

At Vy>p+k Facpr (1= 1) /(A +vy).y)

a0 - ( R

From (14) it follows that f(y) :== (A + vy)* ™ Facpr((1 — uy)/(X + vy),y) is a polynomial
in y of degree at most p+ k + o + 1. If u # 0 then f(1/p) = (w/p)P*Fyepr(0,1/p) =
(w/p)P ™ a(0)b(1/u)Fc(0,1/p) = 0, so f(y) is divisible by 1 — uy. Hence Fp,(0,y) =
fi(y)/(1 — py)P** where fi(y) is a polynomial in y of degree less than p + k + o + [. This
can be seen to hold also when p = 0.

By applying Extended Euclidean Algorithm to the coprime polynomials (1 — uy)?t* and
v’ we can find polynomials p(y) and fo(y) such that degp < o + 1, degfo < p + k,

and fi(y) = (1= uy)**p(y) + y" foy). Hence Fo,(0,y) = p(y) + y7 " faly) /(1 — py)***
where degp < o + [, so the generating function Fy,,(0,y) of the first row of Q2 equals

fa(y) /(1 = py)?** where deg fo < p + k.
Similarly we can see that the generating function Fy,,(z,0) of the first column of Q5

is go(z)/(1 — M)t where deg g, < o + [. Therefore, by Corollary 3, S(\)Q225(u)? is an
(0 +1—1,p+ k — 1)-banded matrix whose diagonals are geometric sequences with quotient
w. As already mentioned, this implies that M is (p+k — 1,0 + 1 — 1)-banded. O

12



5 Results and examples

Corollary 4 Let P be a Pascal-like matriz with dega; < p+ k and degby, < o + | where k
and | are nonnegative integers, and let § = <p+];j:gﬂ_2). Then the sequence of its principal
minors (d,)n>0 for n > 6 + max(p + k,o + 1) satisfies a nontrivial linear recurrence of the

form d,, = Z§:1 cjwj”dn_j where c; are constants.

Proof: By Theorem 3, P is equimodular with an (p + k — 1,0 + | — 1)-banded matrix M
whose nonzero entries are of the form my, ,1q = mg - w" for n > max(p + k,0 + [ — d) and
—(p+ k) < d < o+1, where my depends only on d. By Theorem 2 and Remark 2, the
sequence (d,),>o for n > ¢ satisfies a nontrivial recurrence of the form d,, = Z;S-:l R;d,,;
where each R; is a rational function of m,_yn,—» (0 < u,v <9 —1). As R; is homogeneous
of order j and my,_ypn—p = W" - My_p/w" for n —u > p+k and n — v > o + [, this can be
written in the announced form. O

Corollary 5 Let P and 9 be as in Corollary 4. Then there are a nonnegative integer m < 9,
polynomials py(n), ..., pm(n), and algebraic numbers vy, . .., vm of degree at most 6 such that

d, = w(?) S pi(n)yr, for alln > max(p + k,0 +1).

Proof: Let n > 0+max(p+k,o+[). By Corollary 4, d,, = Z?Zl cjwi™d,_;. Write d,, = w(2) En.
Then e, = Zgzl bjen—; where b; = cjw(Jng). The assertion now follows from the well-known

theory of linear recurrences with constant coefficients. O

Remark 3 Let P be Pascal-like with degay, < p + k and degb, < o + [. Denote § =

(ﬁsj:;ﬁfd) and m = max(p + k,o +1). The closed-form expression for its n-th principal

minor d,, as described in Corollary 5 can be obtained by the following algorithm.:

1. Forn=m,m+1,...,m+ 20 — 1 evaluate en:dn/w@).

2. Solve the Hankel system of § linear algebraic equations
5
en:ijen_j (m+d<n<m+25—1)
j=1

for the unknown coefficients by, bs, ..., bs.

3. Find a closed-form representation of the sequence n, which satisfies the recurrence
5
M=) by (0> m+0)
j=1

and initial conditions n,, = e,, forn = m,m+1,...,m+ § — 1. This step involves
computation with algebraic numbers.

4. If n <m then compute d, directly, else d,, = nnw(g).

13



Example 2 We illustrate the algorithm of Remark 3 on a “random” example. Let P =
[pi jlij>0 be the matriz defined by pop =1, pro =2, po1 =1,

pio = 3Pi-10 — Pi—20 (i > 2),
Poj = Doj-1+Doj—2 (J>2),
bij = 2p¢71,j + 3pi,j—1 — Pi—1,j-1 (’L,j > 1)'

This is a Pascal-like matriz with A =2, p =3, v=—-1,w=5,p=0=2k=101=0,
0 = (?) = 2. Let d, be its principal minor of order n + 1 and let e, = dn/5<g). Then
by Corollary 4, e, for n > 4 satisfies a recurrence of order 2 with constant coefficients.
From its initial values 1,5,24,111,495,2124, 8721, 33885, 121824, 384831, 905175, ... we find
the recurrence e, = 9e,_1 — 21le,_o which happens to be valid for all n > 2. We solve it and
obtain the evaluation

2 (21\"? .
d, = —= <> 57*/2 cos [ = — narctan @ (n >0).
V3 \5 6 9

We conclude by giving several determinant evaluations which imply or generalize some
results and examples from the literature.

Example 3 As a special case, Lemma 3 implies [6, Theorem 3] where P is given by
Dij = Dij-1+ Pi-1j T VDi-1j-1, i, 21,
and pig = —po; =1 fori >0. Herep=0c=2 A=p=1,w=1+v, a(x) =b(z) = (1-1)?,

and a(z) = —bi(x) = x. By Lemma 3, Fso\ypsur(z,y) = (x —y)/(1 — wzy), so P is
equimodular with the tridiagonal matrix

0O -1 0 0
1 0 —w O
0 w 0 —w?
0 0 w? 0

Hence, by (10), the sequence (d,,)n>0 of principal minors of P satisfies the recurrence d,, =
W 2d,_y for n > 2. Together with dy = 0 and d; = 1 this gives da, = 0, dop_1 = w2n(n=1),

Example 4 Let P be given by
Pij = Pij—1 + Pi—1,j + VPi-1,j—1, 1,J =1,
poo = 0, and pig = —po; = ¢ for i > 1 where q is a constant. Here y = X\ = 1,

alz) = —f(z) =x/(1—qz), p=0c =k =1=1,w =1+ v, hence Theorem 3 implies
that P is equimodular with a tridiagonal matriz whose diagonals (with the first two elements
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deleted) are geometric with quotient w. In fact, following the proof of Theorem 3, this matrix
turns out to be

0 -1 0 0
1 0 —(v+9q) 0
0 v+gq 0 —(v+ qw
0 0 (Y+quw 0

Hence, by (10), the sequence (d,,)n>0 of principal minors of P satisfies the recurrence d,, =
(v + q)?w?™*d,_5. Together with initial conditions dy = 0, dy = 1 this implies dy, = 0 and
doyn_y = (v + q)* 202 V° "in agreement with [6, Theorem 2].

Example 5 Let P be given by
Pij = Pij—1+ Pi-14; 1,721

with a 3-periodic sequence
(Po, P1: D2, - - Pk = Dk—35 - - -)

as its first row and column. It is conjectured in [2, Example 3.5] that the sequence (dy,)n>0
of principal minors of P satisfies a certain recurrence of order 5. Indeed, Theorem 3 implies
that P is equimodular with a pentadiagonal matriz which, starting with the third element, is
constant along each diagonal. In fact, following the proof of Theorem 3, this matrix turns
out to be

[ po P1 D2 0 0 0 1
P1 2p1 2p1 + p2 a 0 0
P2 2p1 + Do 4p1 +2p2 po+6pr+2p2 a 0
0 a Po + 6p1 + 2po c b a
0 0 a b c b
0 0 0 a b ¢

where a = py+p1+p2, b= 2po~+ Tp1+3p2, ¢ = po+ 12p; +6ps. Hence the sequence (dy,)n>0
satisfies recurrence (12) for n > 9 (as it turns out, (12) holds for all n > 5).

The following is a generalization of [6, Theorem 1] (see also [2, Theorem 1.5]).
Lemma 4 Let P be a matriz which satisfies (1), and whose first column has generating

function of the form a(z) = poo/(1 — qz). If A(q) = M(1 —qE™') then S;(N\)A(q)P is an

upper triangular matriz with diagonal elements

Do,o, 57 fwa §w27 fwg"‘ (18)

where £ = poow + (Po,1 — WPo,0) (A — q).
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Proof: We use Corollary 1, Remark 1, (4), and (16). From the residue of

1—qx. FC(Z7Z/)
z—at 11— z—py—vzy

Fag)(z,t/2)Fp(2,y)/2 =

at z = xt we obtain
FA(q)P(xay) = (1 - Q$)Fp($,y)
From the residue of
(14 Ax)(1 —gqz)
z2+ Arz —at

Fs,o (2, t/2) Fagp(2,y) /2 = Fp(z,y)

at z = xt/(1 + Az) we obtain

Fs,opaip(@,y) = (1— pu)By) + X — @)z (1 — uy)B(y) — po,o)'

1 —py —wzy

The numerator can be rewritten as (1 — uy)5(y) + (A — q)zy (Zkzo Posrs1y* — Mﬁ(y))’ hence
Fs,nap(r,y) = f(y, zy) where

(1 — pu)B(u) + (A —q)v (Zkzo Pop+1u” — Mﬁ(“))
1 — pu—wv '

flu,v) =

Thus Fg,\yap(®,y) is a power series in y and xy, showing that Si(\)A(q)P is upper
triangular. The generating function of its main diagonal is

£(0,1) = oot (po,ll— 11p00) (A — q)t
—wt

which gives (18). O

Remark 4 Note that in Lemma 4, the matriz P need not be Pascal-like (i.e., the lemma
holds regardless of the algebraic nature of the first row of P).

Corollary 6 Let P satisfy the assumptions of Lemma 4. Then d,, = po 5”@0(3)

Our methods can also be applied to evaluate some determinants whose entries do not
necessarily satisfy recurrence (1).

Lemma 5 Let M be a matriz whose i-th element of the j-th column is of the form q;(i),
where g; s a polynomial with degq; = j. Then S(1)M is an upper triangular matriz with
diagonal elements

(411e(g5)) 20,
where lc(g;) denotes the leading coefficient of g;.

Proof: Let N = S(1)M. As row k of S(1) consists of the coefficients of operator (1 — E~1)k,
the entries ng o, ng 1, - . ., ngx—1 all vanish, and ng g = (1 — E7)*q,(4) iz, = k!le(qe). O
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Example 6 Let

ai +bj+x

M, (a,b,x; k) = , , a,bjreC, keN.
j—k 0<i,j<n

In [6, Theorem 4] it is shown that

n+1)

det(M, (2,2, 25 0) — My (2,2, 2;1)) = 2("3

Using Lemma 5 this result can be extended. As for each j € N

ai +bj+x
Jj—k
is a polynomial in variable i of degree j — k whose leading coefficient is a’=*/(j — k)! we
obtain that

n+1
det M,(a,b,z; k) = { g( : )a zig,

Let M = Zfﬂzo Lo Mo (s by T3 0) be a linear combination of matrices of this type. Obuvi-
ously, column j of M is a polynomial in the row index of degree 7 with leading coefficient
S o tmal, /5!, therefore, by Lemma 5,

l n l
det ( 3 umMn<am,bm,xm;o>> _ 11 ( 5 umaa) |
m=0 1

m=0

Similarly, if M = >4 _o e My (ag, by, x; k) then column j of M s a polynomial in the row
index of degree j with leading coefficient poad/j!, thus

l n41
det <Z uan(ak,bk,xk;k)> = ,ug“a(() 2 )

k=0
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