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Abstract

The crossing number of Sierpiriski graphs S(n, k) and their reg-
ularizations ST (n, k) and ST+ (n,k) is studied. Explicit drawings of
these graphs are presented and proved to be optimal for S*(n, k) and
S*t+(n,k) for every n > 1 and k > 1. These are the first nontrivial
families of graphs of “fractal” type whose crossing number is known.
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1 Introduction

A drawing of a graph G is a pair of mappings ¢ : V(G) — R? and ¢ :
E(G) x [0,1] — R? where ¢ is 1-1 and for each e = uv € E(G), the induced
map . : {e} x [0,1] — R? is a simple polygonal arc joining ¢(u) and ¢(v).
It is required that the arc v is internally disjoint from ¢(V(G)).

The pair-crossing number, pair-cr(D), of a drawing D = (p,v) is the
number of crossing pairs of D, where a crossing pair is an unordered pair
{e, f} of distinct edges for which there exist s,¢ € (0,1) such that ¢ (e, s) =
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¥(f,t). The common point (e, s) = ¥(f,t) in R? is said to be a crossing
point of e and f and the pair {(e,s), (f,t)} is referred to as a crossing. The
total number of crossings of D is called the crossing number cr(D) of D.

The pair-crossing number, pair-cr(G), of the graph G is the minimum
pair-crossing number of all drawings of G, and the crossing number, cr(G),
of G is the minimum crossing number of all drawings of G. It is an open
question (see, e.g., [13]) if pair-cr(G) = cr(G) for every graph G. In this
paper we shall restrict ourselves to cr(G) but all arguments work also for
the pair-crossing number.

The exact value of the crossing number is known only for a few specific
families of graphs. Such families include generalized Petersen graphs P(N, 3)
[15], Cartesian products of all 5-vertex graphs with paths [7], and Cartesian
products of two specific 5-vertex graphs with the star Kj, [8]. For the
Cartesian products of cycles it is conjectured that cr(C,,, 0 C),) = (m —2)n
for 3 < m < n and has recently been proved in [2] that for any fixed m the
conjecture holds for all n > m(m+ 1). The conjecture has also been verified
for m < 7 [1, 14]. Also, the crossing numbers of the complete bipartite
graphs Kj,,, are known for every k < 6 and arbitrary n. We refer to recent
surveys [9, 12] for more details.

In this paper we study the crossing number of Sierpinski graphs S(n, k)
and their regularizations S*(n, k) and ST+ (n,k). They are defined in Sec-
tion 2. In contrast to all families mentioned above, whose crossing num-
ber has been considered in the literature, graphs S(n, k) do not have linear
growth. Their number of vertices grows exponentially fast in terms of n, and
they exhibit certain “fractal” behavior. Therefore, it seems rather interest-
ing that their crossing number can be determined precisely, see Theorem 4.1.

Let us observe that crossing numbers of extended Sierpinski graphs
S*(n,k) and ST*(n,k) in Theorem 4.1 are expressed in terms of the cross-
ing number of the complete graph Kj,1. It is known that cr(K,) = 0 for
r <4, cr(Ks) =1, cr(Kg) = 3, cr(K7) =9, cr(Kg) = 18, cr(Ky) = 36, and
cr(Kyp) = 60. Values of cr(K,) for r > 11 are not known.

2 Sierpinski graphs and their regularizations

Sierpinski graphs S(n, k) were introduced in [5], where it is in particular
shown that the graph S(n,3), n > 1, is isomorphic to the graph of the
Tower of Hanoi with n disks. For more results on these graphs see [3, 6].
The definition of the graphs S(n, k) was motivated by topological studies
of the Lipscomb’s space which generalizes the Sierpinski triangular curve



(Sierpinski gasket), cf. [10, 11].

The Sierpiriski graph S(n,k) (n,k > 1) is defined on the vertex set
{1,...,k}", two different vertices u = (ui,...,u,) and v = (v1,...,vy)
being adjacent if and only if there exists an h € {1,...,n} such that

(i) wy=wv,fort=1,...,h—1;

(ii) up # vp; and

(i) w =vp and vy =up fort=h+1,...,n.

In the rest we will shortly write (ujus ... uy) for (uj,ug, ..., uy).

A vertex of the form (ii...7) of S(n, k) is called an extreme vertex. The
extreme vertices of S(n, k) are of degree k — 1 while the degree of any other
vertex is k. Note also that in S(n, k) there are k extreme vertices and that
|S(n, k)| = k™.

Let n > 2, then fori = 1,...,k, let S'(n—1, k) be the subgraph of S(n, k)
induced by the vertices of the form (ivovs...v,). Note that S'(n — 1,k) is
isomorphic to S(n — 1, k).

Let
L i #7,
and set in addition
Pidsom = PijiPisz - Pijm(2) »

where the right-hand side term is a binary number, rhos representing its
digits. Then we have [5]:

Proposition 2.1 Let (ujusg...u,) be a vertex of S(n,k). Then its distance
in S(n, k) from the extreme vertex (ii...1) is equal to:

dsn (w12 . un), (i) = Pyiuy o, -

In the rest, in particular when introducing regularizations of the Sierpinski
graphs, the following lemma will be useful.

Lemma 2.2 For any n > 1 and any k > 1, Aut(S(n,k)) is isomorphic
to Sym(k), where Aut(S(n,k)) acts as Sym(k) on the extreme vertices of
S(n, k).

Proof. Let ¢ € Aut(S(n,k)). Then the degree condition implies that ¢
permutes the k extreme vertices of S(n,k). Let f(¢) € Sym(k) be the
corresponding permutation. We claim that f : Aut(S(n,k)) — Sym(k) is a
bijection.



We first show that f is surjective. So let # € Sym(k) and define
o V(S(n,k)) — V(S(n,k)) with o((i1ia...i,)) = (m(i1)m(iz) ... 7(in)).
Clearly, ¢ is 1-1. Let u,v € V/(S(n, k)). Then u is adjacent to v if and only if
u= (i1ig...ix_17s...s) and v = (iyig...ix_18r...7), where k € {1,...,n}
and r # s. But thisis if and only if p(u) = (p(i1) . .. p(ig—1)e(r)e(s) ... p(s))
is adjacent to @(v) = (p(i1) ... @(ik—1)e(s)p(r)...@(r)) because ¢(r) #
©(s). Hence ¢ € Aut(S(n,k)) and, clearly, maps extreme vertices onto
extreme vertices.

To show injectivity we are going to prove that given ¢ € Aut(S(n,k)),
¢ is the unique automorphism with the image f(p). Let u = (i1ia...4,) be
an arbitrary vertex of S(n,k) and set

D(w) = (d(u,(11...1)),...,d(u, (kk ... E)))

be its vector of distances from the extreme vertices. Since ¢ is an automor-
phism that maps extreme vertices onto extreme vertices,

D(p(u)) = (d(p(u),((11... 1)), ..., d(p(u), o((kk ... k)))) .

Moreover, Proposition 2.1 implies that if u # v then D(u) # D(v). Hence
©(u) is uniquely determined, so there is a unique automorphism (namely ¢)
with the image f(y). O

We now introduce the extended Sierpiriski graphs ST (n, k) and ST (n, k).
The graph ST (n,k), n > 1, k > 1, is obtained from S(n, k) by adding a new
vertex w, called the special vertex of S*(n, k), and all edges joining w with
extreme vertices of S(n,k). The graphs S*+(n,k), n > 1, k > 1, are de-
fined as follows. For n = 1 we set ST (1,k) = Kgy1. Suppose now that
n > 2. Then ST+ (n,k) is the graph obtained from the disjoint union of
k+1 copies of S(n—1,k) in which the extreme vertices in distinct copies of
S(n —1,k) are connected as the complete graph Kj1. By Lemma 2.2, this
construction defines a unique graph. Fig. 1 shows graphs S(2,4), S*(2,4),
and ST1(2,4).

ST (n, k) is a k-regular graph on k" + 1 vertices; in particular, ST(1,k) =
Kjy1. Note also that S+ (n, k) is a k-regular graph on k"~ !(k +1) vertices
that can also be described as the graph obtained from the disjoint union of
a copy of S(n, k) and a copy of S(n — 1, k) such that the extreme vertices of
S(n, k) and the extreme vertices of S(n —1, k) are connected by a matching.

For a fixed k we will write S,,, S;", and S;/* for S(n, k), ST(n,k), and

no

S*+(n, k), respectively. Also, Si(n — 1,k) will be denoted by S’ ;. The
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(a) (b) (c)

Figure 1: Graphs (a) S(2,4), (b) ST(2,4), and (c) ST1(2,4)

graph S;* consists of k disjoint copies S} ;,...,S¥ | of S,_1 and an addi-
tional vertex w. Let e;; = ej; be the edge joining S¢ | and S? ., where
i # j, and e;p = eq; the edge joining S’ _; and w, so that

k
V(s =UJV(Si-1) U {w}, and

E(SH) =JE(S, 1) U {e; | 0<i<j<k}.

Similar notation is also used for S, where w is replaced by S9_;.

Lemma 2.3 For any fivred k > 3 and every n > 2, we have Aut(S;) ~
Sym(k) and Aut(S;+) ~ Sym(k + 1), where Aut(S,}) and Aut(S;} ") act
as Sym(k) on the extreme wvertices of the subgraph S, in S and S; T,
respectively.

Proof. Let m € Sym(k) and let ¢ be the unique automorphism of S,, that
acts on the extreme vertices of S(n,k) as m, cf. Lemma 2.2. Then we can
extend ¢ to an automorphism of S;', resp. S;"* by fixing f on the special
vertex w of S;, resp. the special copy S_; of S,_1.

The blocks of the action of the automorphism group on the vertex set are
vertex sets of subgraphs Sfl_l, and any permutation of these blocks defines
a unique automorphism of S;" (or S;f*). This easily implies the statement
of the lemma. O



3 Drawings of S}, SI*, and 5,

For k < 3 and every n > 1, Sierpinski graphs S(n, k) and their regulariza-
tions ST (n,k) and ST+ (n, k) are planar, cf. [4]. We now describe explicit
drawings of these graphs for any k£ > 4. Our results are given in terms of the
crossing number of complete graphs, we refer to [16] for more information
on cr(Ky), k € N.

Lemma 3.1 For every k > 4 and n > 1 we have:

. k" —1

6) ex(S7) < k-er(57 ) + enlKien) < 5L eran)
E+1)km1 -2

) er(si) <er(st) +en(si ) < EEE22 g ).

Proof. (i) For n =1 the graph S, is K1, so it can be (optimally) drawn
with cr(Kg,1) crossings. For n > 2 we draw the graph S inductively
as follows. First take an optimal drawing of S:Lll. We may assume that
the special vertex of S:—1 is on the unbounded face of this drawing. It
we “erase” a small neighborhood of the special vertex in this drawing, we
obtain a drawing D’ of S,_; together with pendant edges incident with
all extreme vertices and all sticking out to the infinite face. Clearly, D’ has
cr(S;F ) crossings. We now take an optimal drawing of K1 (with cr(Kg1)
crossings). Select an arbitrary vertex w of this drawing to represent the
special vertex of S;". Around every remaining vertex v of Ky select small
enough disk A, so that only drawings of edges incident with v intersect
A,. For each of such edges uv, follow its drawing from u towards v until
A, is reached for the first time, and then erase the rest of the drawing of
this edge. Now, add the drawing D’ inside A, and connect its pending
edges with the points on JA, where arcs coming from the outside have
been stopped. By Lemma 2.3, the resulting drawing is a drawing D of S;'.
Clearly, cr(D) = k-cr(D') +cr(Kgi1) = k-cr(S; ;) +cr(Kyy1). This implies
the first inequality in (i). The second inequality easily follows by induction.
The same construction in which also the special vertex is replaced by a
drawing of S | shows (ii). O

In the next section we will prove that the drawings described above are
optimal for every k > 4.

The construction from the proof of Lemma 3.1 can also be used for the
graphs S, with a modification that an optimal drawing of K}, is used instead



of Kiy1. In this way we obtain, using Lemma 3.1(i),

E(knt —1)

er(Sy) < k-er(SH ) +er(Ky) < ]

Cr(KkJrl) + CI‘(Kk) . (1)
However, in contrast to the optimality of the construction for S;F and S+,
these drawings for the graphs S,, are not always optimal, as shown for k = 4
by the following proposition whose upper bound is strictly smaller than the
one in (1).

Proposition 3.2 For any n > 3,

3 1 12n — 8
— 4" <cr(S(n,4)) < - 4" — .
16 —_ Cr( (n7 )) — 3 3

Proof. Let k = 4 and consider the drawings of S(2,4) and S(3,4) as shown
in Fig. 2.

Figure 2: Drawings of S(2,4) and S(3,4)

For n > 4 we inductively construct a drawing of S(n,4) from four copies
of S(n — 1,4) analogously as the drawing of S(3,4) is obtained from the
drawing of S(2,4). Let a, be the number of crossings of this drawing of
S(n,4). Then az = 0 and a,, = 4a,—1 + 12(n — 2), n > 3 with the solution
ap, =4"/3 —4n + 8/3.

On the other hand, we are going to show that cr(S(3,4)) = 12. Since
cr(S(n+1,4)) > 4cr(S(n,4)), this will prove the lower bound.



Let D be a drawing of S = S(3,4). The graph S contains 16 disjoint
copies of Ky, twelve of which do not contain extreme vertices of S. Let
L1,..., L1 be these subgraphs. For i = 1,...,12 we define a subgraph LZTF
such that the following conditions are satisfied:

(a) L; C L}.

(b) L} is a nonplanar graph and in the drawing of L], there is a crossing
C; = {(e4,si), (fi, ti)} involving an edge e; € E(L;).
(c) If j <, then e; ¢ E(L]).

The graphs L;r can be obtained as follows. Suppose that Lf, e ,L;:l
have already been defined and that their edges eq,...,e;_1 have been se-
lected. The graph S’ = S — {ej,...,e;_1} is connected. If we contract all
edges in S’ — L;, the resulting graph is isomorphic to K5. This implies that
S’ contains a subgraph L;r that is either homeomorphic to K5 or to the
graph obtained from K35 by splitting one of its vertices into a pair of adja-
cent vertices z,y, each of which is adjacent to two vertices of the 4-clique
L;. Clearly, L] satisfies (a) and (c), and we leave it to the reader to verify
(b).

Condition (c) implies that all crossings C; are distinct. This shows that
cr(D) > 12 and completes the proof. O

4 Lower bounds

In this section we prove the main result of this paper. As before, we shall
consider k > 2 as being fixed and will omit it from the notation of S, S,
and S;It.

Theorem 4.1 For any fized k > 2 and every n > 1 we have:
} kK" —1
() er(S) =St ex(ig).
(k+ 1)kt -2
kE—1

(ii) er(S;T) =

cr (K1) -

By Lemma 3.1 we only have to prove that the values on the right hand
side of (i) and (ii) are lower bounds for the crossing number. The proof is
deferred to the end of this section.

Below we will introduce some notation that applies for all three families
of graphs, S,, S;f and S;*. Recall that for every i and j # i, there is



precisely one edge, denoted by e;; = e;; connecting S¢ | with thl. The
edge e;; is incident with an extreme vertex of S!_; and this vertex is called
the j" extreme vertex of S!_; and denoted by z; With this notation,
€ij = €j; = zj.zg . We also consider S,, as a subgraph of S;L , and then the

extreme vertices of .S, are precisely the vertices zé, 1<i<k.

Lemma 4.2 For every n > 1, S, contains a subdivision of the complete
graph Ky in which vertices of degree k — 1 are precisely the extreme vertices

of Sp,.

Proof. The proof is by induction on n. The claim is trivially true for
S1 = Kj. For n > 2, the subdivision of Kj in 5, is obtained by taking the
union of all edges e;; (1 <7 < j < k) and all paths in subdivision cliques in
Si_, joining the extreme vertex z§ with z;'-, j¢{0,i},i=1,... k. O

In what follows, we fix a subdivision of K}, in every S!_; and denote by
Pj, the path in this subdivision joining the extreme vertices z; and z;.
Lemma 4.3 Let k> 3 and n > 1. If 19,...,7T, are integers such that T; €
{0,...,k}\{i} fori=0,...,k, then St contains a subgraph K (to,...,7x)
which is isomorphic to a subdivision of the complete graph Ky, in which

vertices of degree k are precisely the vertices zii, 1=0,...,k.
There are kFt1 distinct choices for parameters 1o, ..., T,; they give rise

to EFTL distinct subdivisions of Ky1. Every edge eij is 1n every such sub-
division. Fvery edge contained in some path Pj is in precisely 2kF of them,
while other edges of S;7t are in none.

Proof. The subgraph K (7o, ..., 7;) consists of all paths R;; = Pjij U{e; U
PZ-]T],,0§2'<]'§k.

The claims in the second part of the lemma are easy to verify. Let us
just observe that the path Pfl is in K(79,...,7) if and only if 7, = j or
7 =1. O

Let D be a drawing. For subdrawings KC, £ of D, let cr(KC, L) be the
number of crossings involving an edge of X and an edge of L. We write
cr(K) = er(K,K). We also allow K or £ be a subgraph of S = S,,, S| or
S, in which case cr(KC, £) refers to their drawings under D.

Two drawings D and D’ are said to be isomorphic if there is a home-
omorphism of the extended plane (the plane plus the point at the infinity,
which is homeomorphic to the 2-sphere) mapping D onto D'.



Let D be a drawing of S = S, S;7 or S;/*. For every S{_; C S, let D;
be the induced drawing of S?_,

Lemma 4.4 Let k > 4 be an integer. Let D be a drawing of S;7*. Then
there is a drawing D' of S;t+ such that:
(a) For every i = 0,...,k, the subdrawings D; and D} of Si_; in D
and D', respectively, are isomorphic.
(b) Fori # j, cx(D;,Dj) = 0 and Dj is contained in the unbounded
face of D).
(c) c (D) <ex(D).

Proof. For i € {0,...,k}, the graph B; = S,/ ™ — S! | is isomorphic to S,,.
For every extreme vertex zg of thl in B; = S, let ZJZ:L, be the subgraph
consisting of k (or k — 1 if £ = 4) internally disjoint paths R, = Pejm U
{ejm} U P (m ¢ {i,j}) and R; = Pg‘i. Finally, let W]?'g be the subgraph
of S+ which is the union of Sj,_;, Z},, and all edges e;n (m # i) joining
sz—l with ZJZ:L,. Then W]?Z is isomorphic to a subdivision of the graph S:Lll
in which zg plays the role of the special vertex in S:_l. Among all such
subgraphs je (j # €, ¢ {j,0}), let S°T| be one whose induced drawing
has minimum number of crossings in D. Let D+ be a drawing isomorphic
to the induced drawing of S, + ", such that the spemal vertex is on the outer
face of the drawing.

Drawings D*,...,Dg can be combined (as explained in the proof of
Lemma 3.1) so that a drawing D’ of St satisfying (a) and (b) is obtained

and such that .

cr(D') = er(D)) + er(Kpi1) - (2)
i=0

We introduce the following notation, where all crossing numbers are taken
with respect to the drawing D:

¢ = cr(Dy),

cij = cr(D;,Dy),

fi = c(Dy, F;), where F; = {e;j | j # i},

fi == cr(D;, F;), where F; = {eje | j # 4,i ¢ {j,0}},
(

fij = c(Fi\ e} Fi\ {eji}).

10



Figure 3: Subgraph ng

Clearly,
k k E_ 1k
Cr(D)Z;Ci+;fi+;fi+§;;(cij+fij)- (3)
Next, let ¢/ = cr(D]") (where the number of crossings is counted with

respect to the drawing D’). Then:

¢f = e+ fi+min{e(Dy, Zj) | j#i,0# ]}

1 i
< ci+fi+ﬁZZCr(Di,Zj£) (4)
J#UAF£]
< cl-+fi+i2 > (k+2)ci; + 2kf; ) (5)
R\
JF

Inequality (4) holds since the minimum is always smaller or equal to the
average, while (5) follows from the observation that an edge of S? | (j # i)

11



is in at most 2 subgraphs Z]i.l and in at most k subgraphs Z! , (m ¢ {i,j}),
while an edge ejn, (i € {j,m}) belongs to precisely 2k subgraphs Z;l and
Zi .

Combining (2)—(5), we get

=cr
=0
P& 1 k42 2 1
22]24‘22(5—7)%]'—EZ z+§Zme
1=0 =0 j#i 1=0 =0 j#i
k k k
R YAl e DICESID WG
i=0 1=0 j#i 1=0 j#i

lews 1o
cr(D)—cr(D’)EEZf gz ‘cij—l. (7)

If ¢;; = 0 for every ¢ and j, and every fi = 0, then a drawing isomorphic
to D satisfies (a)—(c). Otherwise, (7) implies that cr(D) — cr(D') > —1.
Since the left hand side is an integer, this implies that cr(D’) < cr(D). This
completes the proof for k = 4.

Suppose now that & > 5. By (6), it remains to see that

k

k
DIIEE S W R

i=0 j#i =0 1=0 j#i

where 7 = cr(Kp41).

Let us consider all k! subgraphs K (g, ..., ) of S+ isomorphic to
subdivisions of Kj1; see Lemma 4.3. A crossing (in D) of two edges of
K(79,...,7) is said to be pure if the two edges lie on subdivided edges of
Kj11 that are not incident in Kj,1. Any drawing of K(7p,...,7) has at
least r pure crossings.

Let C = {(e,s),(f,t)} be a crossing in D. Let us estimate the maximum
number of subgraphs K (7o, ...,7) in which C' is a pure crossing.

(i) If e € Fi \ {ei;} and f € F;\ {ej;}, where i # j, then C is a pure
crossing in at most k**! subgraphs K (7o, ..., 7).

12



ii) If e € E(S’_,) and f = ej;, where i 7,1}, then by Lemma 4.3, C
n—1 J
can be a pure crossing in at most 2k* subgraphs K (7o,...,7%).

(iii) If e € E(S._,) and f € E(S._,), where i # j, then C can be a
pure crossing of K(r,...,7;) only when e € E(P}), f € E(P),
7 € {a,b}, and 7; € {c,d}. So, 4k*~1 is an upper bound for the
number of such cases.

The bounds derived in (i)—(iii) imply that

kk+1r<kk+11ZZfZ]+2kafl+4kk 122% (9)

1=0 j#i 1=0 j#i

Clearly, 2/k < (k — 2)/k (for k > 4) and 4/k* < (k* — 2k — 4)/(2k?) (for
k > 5). Therefore (9) implies (8). The proof is complete. O

Inequalities used at the very last step of the above proof are strict for
k > 5. If either some f; # 0 or some ¢ij # 0, this would imply that the
lower bound would be strictly greater than the upper bound of Lemma 4.4
(if D is an optimal drawing). This implies that every optimal drawing of
S+ (for k > 5) satisfies the condition stated for D' in Lemma 4.4(b).

Proof of Theorem 4.1. We may assume that k > 4. By Lemma 3.1 we
only have to prove that the values in (i) and (ii) are lower bounds for the
crossing number. The proof is by induction on n. The case when n =1 is
trivial, so we assume that n > 2.

By Lemma 4.4, there is an optimal drawing D of S,/ * such that condition
(b) of the lemma holds for its subdrawings Dy,...,Dk. In other words,
cr(D;, Dj) = 0 and Dy is in the unbounded face of D; for every i # j. This
implies that

K
cr(D) > Y er(Df) + cr(Kyp) > (k+ 1 er(Sy,) + er(Kgp1).  (10)
i=0

. . . . n—1__
By the induction hypothesis for (i), cr(S; ;) > kk =L cr(Kg41), so (10)
implies (ii).
To prove (i), suppose that there is a drawing D’ of S} with cr(D’) <

% cr(Kgy1). As in the proof of Lemma 3.1 we see that D’ and a drawing

13



of S | can be combined in such a way as to get a drawing D of S,/ " with

ca(D) = (D) +ce(SH )
E"—1 |
1 (Ekr) + o (K
k+ 1)kt —2
This is a contradiction to the already proved equality in (ii). O
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