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Abstract

We introduce quadratic two-parameter eigenvalue problem and show that we can
linearize it as a singular two-parameter eigenvalue problem. This problem, together
with another example that comes from model updating, shows the need for nu-
merical methods for singular two-parameter eigenvalue problems and for a better
understanding of such problems.

There are various numerical methods for two-parameter eigenvalue problems, but
all of them can only be applied to nonsingular problems. We develop a numerical
method that can be applied to certain singular two-parameter eigenvalue problems
including the linearization of the quadratic two-parameter eigenvalue problem. It is
based on the staircase algorithm for the extraction of the common regular part of
two singular matrix pencils.
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1 Introduction

We consider the quadratic two-parameter eigenvalue problem
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(A1 + ABy + pCy + N2Dy + M\uEy + (> F)x =0

(Ag 4+ ABy + 10y 4+ N2 Dy + AuEsy + 1 Fy)y =0, 1)
where A;, B;, ..., F; are given n; X n; complex matrices, x € C™, y € C™
nonzero vectors and A\, u € C. We say that (A, ) is an eigenvalue of (1) and
the tensor product z ® y is the corresponding eigenvector. In the generic case
problem (1) has 4niny eigenvalues that are solutions of the following system
of two bivariate polynomials

Q1(>\, ,LL) = det(A1 + /\Bl -+ /LCl -+ )\QDI —+ )\/LEl -+ /,L2F1> =0

' 2
q2(>\, ,LL) = det(Ag + /\BQ + MCQ + )\2D2 + )\,LLEQ + M2F2> = 0. ( )

Recently, a quadratic two-parameter eigenvalue problem of a simpler form,
where some of the quadratic terms A2, Ay, u? are missing, appeared in the
study of linear time-delay systems for the single delay case [9]. Due to the
missing terms the problem in [9] has 2n;ns eigenvalues which makes it easier
to solve. Here we study a general case (1) where all quadratic terms are present
in both equations.

Similar to the quadratic eigenvalue problem (see, e.g., [11]), where we can
linearize the problem to a generalized eigenvalue problem with matrices of
double dimension, we can write (1) as a two-parameter eigenvalue problem
with matrices of larger dimension. One such two-parameter eigenvalue problem
is

A) B o) w1
—~ =
Al B1 Cl 0 D1 E1 00 F1 Xz
0 -1 0|+A|T 0O O|+n|000 Ax| =0
0 0 —I 00 O 100 Hx
3
A2) B(©2) c(2) wo ( )
—~
A2 B2 OQ 0 D2 E2 00 FQ Yy
0 —1 0[+A|{T 0 O|+p|00 0 \y| =0,
0 0 —I 00 O 100 Wy

where matrices A®, B® and C® are of size 3n; x 3n; for i = 1,2. One can
check that indeed



det (AW 4+ ABW 4 WYy =g (A, p)

4
det(A® + AB® 4 uC®) = go(\, p). @)

There are several numerical methods for two-parameter eigenvalue problems,
see for instance [7] and references therein, but, unfortunately, as we show later,
(3) belongs to a class of singular two-parameter eigenvalue problems whereas
all the available methods require that the problem is nonsingular. We present
a numerical algorithm that works for singular two-parameter eigenvalue prob-
lems of the form (3) and computes all eigenvalues of (1). Up to our knowledge,
next to a very special case in [3], this is one of the first numerical methods for
singular multiparameter eigenvalue problems.

Let us mention that the linearization (3) is not optimal. Namely, it follows from
the theory on determinantal representations [13] that there do exist matrices
A® B® and C® of dimension 2n; x 2n; for i = 1,2 such that (4) holds. An
appropriate pair of determinantal representations would result in a smaller
and, more important, nonsingular two-parameter eigenvalue problem, but as
there are no algorithms for the construction of such matrices, this is just a
pure theoretical result.

The usual approach for a two-parameter eigenvalue problem of type

(AD £ 2B 4 w00 wy =0
(A® +AB®) 4 uC? ) wy =0,

is to define operator determinants

Ay=BY e Cc?® - oW g B?,
A=CV g A® — A0 g @) (6)
A=A g B® — p1) g A@

on the tensor product space C31 @ C3"2 (see, e.q., [2]) and consider the coupled
generalized eigenvalue problem
Alz = )\A()Z
Aoz = ulyz,
where z = w; ® ws.

If AW BO and C® are generic matrices of size 3n; x 3n; for i = 1,2 then A,
is nonsingular and we say that (5) is a nonsingular two-parameter eigenvalue
problem. In this case it follows (see, e.g., [2]) that matrices Ag'A; and Ay'A,



commute, and the problem (5) has 9niny eigenvalues (A, ) which can be
computed from eigenvalues of Ag'A; and Ag'A,.

In our case, where matrices A®, B® and C® arise from linearization (3),
Ay is singular and (5) is a singular two-parameter eigenvalue problem. The
theory for singular two-parameter eigenvalue problems is scarce and there
are no general results linking the eigenvalues of (5) to the eigenvalues of (7).
Some properties of singular two-parameter eigenvalue problems are presented
in Section 2. For the particular case (3) we show in Section 3 that, under very
mild conditions, the eigenvalues of (1) are exactly the regular eigenvalues of

(7)-

In order to solve the quadratic two-parameter eigenvalue problem (1) using
the linearization (3) we derive an algorithm for the extraction of the com-
mon regular part of two matrix pencils in Section 4. The algorithm is based
on the staircase algorithm for one matrix pencil from [14]. In our case, the
algorithm returns matrices () and U with orthonormal columns that define
matrices A; = QAU of size 4nyny X 4nyny for ¢ = 0,1, 2 such that Ay is non-
singular, matrices Ag*A; and Ag'A, commute, and the eigenvalues of the
quadratic two-parameter eigenvalue problem (1) are exactly the eigenvalues

of the projected regular matrix pencils A; — AAg and Ay — pd\.

In Section 5 we give some numerical examples. We show that the algorithm
can be successfully applied to some other singular two-parameter eigenvalue
problems, for example to the polynomial two-parameter eigenvalue problem
and to problems that appear in model updating [3].

2 Singular two-parameter eigenvalue problem

Let us consider a general two-parameter eigenvalue problem of form (5) where
AW B® and C¥ are m; x m; matrices over C, w; € C™ for i = 1,2 and
A€ C. A pair (A, ) is an eigenvalue if it satisfies (5) for nonzero vectors
w1, we, and the tensor product w; ®@wsy is the corresponding (right) eigenvector.
Similarly, v; ® v, is the corresponding left eigenvector if vy, vy # 0, v (AM) +
ABM 4+ uCM) =0, and v5(A® + AB® 4 uC®) =0

Multiparameter eigenvalue problems of this kind arise in a variety of applica-
tions [1], particularly in mathematical physics when the method of separation
of variables is used to solve boundary value problems [15].

The eigenvalues of (5) are solutions of the following system of two bivariate
polynomials



p(\ p) = det(AD + ABY + poW) =0, @®
P2\ 1) 1= det(A® + \B® + uC®) = 0

Instead of (5) we study the coupled generalized eigenvalue problem (7) with
operator determinants Ag, Ay, and A,.

Usually, the two-parameter eigenvalue problem (5) is nonsingular, i.e., the
corresponding operator determinant A, is nonsingular. In this case matrices
Ag'A; and Ag'A,; commute and the nonsingular two-parameter eigenvalue
problem can be solved using standards tools for the generalized eigenvalue
problem, for some algorithms see, e.g., [7,8].

However, several applications lead to singular two-parameter eigenvalue prob-
lems where A is singular. One such example is the quadratic two-parameter
eigenvalue problem, while another one that appears in model updating is pre-
sented in the following example.

Example 1 In model updating [3] one wants to adjust the matrices obtained
from the finite element model so that some of the eigenfrequencies of the model
match the measured eigenfrequencies. In a matrix formulation we can write the
problem for the two frequencies as follows.

Given n x n matrices K, L, M and two prescribed eigenvalues & # &, find
values of A\ and p such that two of the eigenvalues of the matrix K + AL +
UM are equal to & and &. The problem can be expressed as a two-parameter
eigenvalue problem

(K —& Dz + ALx + uMxz =0, (9)
(K — &Iy + ALy + pMy =0,

which is singular because its operator determinant Ao = L @ M — M ® L is
singular.

If Ay is singular then there might still exist a linear combination A = aglg +
@11+ such that A is nonsingular. In such case (see [2]) matrices A7 A,,
A7IA, and A™'A, commute. If we consider the homogeneous problem

(n AW + 1 BY + npCM )y =0,

(10)
(n0A® + m B®) 4 1pC?)ywy =0

instead of (5), then we get 79, n1, and 7y from the following three joined
generalized eigenvalue problems



Aoz =n9Az,
Ar1z=mAz,
Aoz =mAz.

The solutions of the original problem (5) are then solutions of (10) having
no # 0 (we are only interested in finite eigenvalues). For such solution A\ =
n1/mo and g = ny /o give an eigenvalue of (5). As we are interested in singular
problems, we assume from now on that agAg + a1 Ay + ass is singular for
all values of ag, a1, and as.

Theorem 2 ([2, Theorem 8.7.1]) The following two statements for the ho-
mogeneous problem (10) are equivalent:

(1) The matriz A = Y2, p A, is singular.
(2) There exist an eigenvalue n of (10) such that >-%_, nspus = 0.

Using this theorem we can easily see that Ay in Example 1 is singular. If we
look at the homogenized version of problem (9) and put 7y = 0, we get two
identical equations.

Some results about specific hermitian singular problems can be found in [3].
In the situation where all A; matrices are hermitian and Im(A;), Im(Ay) C
Im(Ap) one can use a generalized inverse of Ay to obtain matrices Aj Ay,
AFAL, and AFA,. All new matrices are of the form

m k
ml| X0
ool

where k is the dimension of Ker Ag. Let Ay = I, Al, and Ay be mxm leading
submatrices of AjAg, AFA;, and Af A, respectively. When all eigenvalues
are semisimple, matrices A; and A, commute. It turns out that this is a special
case of the algorithm for the extraction of the common regular part that is
presented in Section 4.

3 Quadratic two-parameter eigenvalue problem

Let us take a closer look at the general quadratic two-parameter eigenvalue
problem (1). To simplify things, we will assume from now on that n; = ny = n.
By inspecting the Kronecker canonical structure of the two matrix pencils (7)
obtained by the linearization, we will show that we get exactly 4n? regular



eigenvalues in the generic case. This is equal to the number of common zeros
of polynomials ¢; and ¢, defined in (2).

Let us denote

for i = 1,2. We are looking for A\, ;# and nonzero vectors z,y such that

We form the two-parameter eigenvalue problem

A B1) c
Al Bl 01 OD1E1 00F1
0 —I O|+A|[T O O[+p|00 0 w; =0
0 0 —1I 00 O 100

A2) B(2) c(2)
AQ B2 02 OD2E2 00F2
0 —I O|+A|[T O O[+p|00 0 wy = 0.
0 0 —1I 00 O 100

The matrix of the first equation

Al Bl + )\Dl Cl + )\El + [LFl
A -1 0
wl 0 —1

can be transformed multiplying it from left by

I By +AD; 0| |I10C)+\E, + uF,
Edw=0 1 o|lor 0
o 0 I[]oo I



and from right by

100|700
FOp)=10 10| [AXT0
pl0Il100T1

to

Wl<)‘7,u) 00
0 Io0
0 01

This shows that (3) is a weak linearization of (1) in a sense of [10]. For a def-
inition of the weak linearization see Appendix A, where we show that we can
apply a similar approach to linearize every polynomial two-parameter eigen-
value problem to obtain a two-parameter eigenvalue problem with matrices of
higher dimension.

Matrices of the corresponding pair of generalized eigenvalue problems (7) are

Ay=BM @ c® —c® g B®,
A=CD g A® - AW g @)
Ay=AD g B® _ B0 g A®.

In order to simplify the proofs of the next two lemmas, we will apply the
Tracy—Singh product of partitioned matrices [12].

Definition 3 Let an m X n matriz A be partitioned into the m; x n; blocks
A;j and a p X g matriz B into the py X q blocks By such that m = 327, m,,
n=735_ 4N, p= S Pk, ¢ = Xt qi. The Tracy-Singh product Ao B is a
mp X nqg matriz, defined as

where the (ij)th block of the product is the m;p x n;q matriz A;j o B, of which
the (kl)th subblock equals the m;py X n;q matriz A;; ® By.

Basically, A o B is a block matriz, where each block is a pairwise Kronecker
product for each pair of partitions in the two matrices. For instance, if A and



B are 2 x 2 block matrices, then

A @ By A @ Bra A1p @ By Az ® By
App Age . Bi1 Bip A11 ® By A1l @ By A1g ® Bay A1z ® By
Ay Az By Bao Az @ By Ag1 @ Bia Az @ By Az ® Bio
_A21 ® By Ag1 ® By Ay @ Boy Agg @ By |

Theorem 4 ([12, Theorem 5]) In the case of balanced partitioning, where
all blocks in matrix A and B are of the same size, respectively, the Tracy—Singh
product A o B is permutation equivalent to the Kronecker product A ® B.

All our block matrices have balanced partition and it turns out that some
properties are easier to see if we work with the Tracy-Singh product instead
of the Kronecker product. Since this is just a reordering of columns and rows,
we will denote by T'S the map that reorders the elements of A ® B so that
TS(A® B) = Ao B.

Lemma 5 In the generic case, matrices Ay and Ay are of rank 8n?.

Proof. Let us observe the problem obtained by putting A = 0 in Wy (A, )

Wi (07.“‘)

(Al + [LCl + ,lLQFl) r = 0,
WQ(A,H)

(As + ABs + iCs + N> Dy + AuEs + (i Fy) y = 0,

which is a modified version of the original problem (1). Its linearization is

A(D) c'(1)
—
A1 01 0 F1
+u w; =0
0 —1 I 0
11
A@) B c®@ (11)
Ay By O 0 Dy By 00 F,
0 -1 0|+A|T 0 O|+n|000 wy = 0.
0 0 —I 00 0 100




Let us look at the homogenized version of (11). The first equation in the lin-
earization of the modified problem has no infinite eigenvalues, because matrix
C'M is invertible in the generic case. Therefore, if the original problem (1) does
not have an eigenvalue with A = 0, then that is also the case for the modified
version. A nonexistence of an eigenvalue with A = 0 means that polynomials
¢1(0, ) and ¢2(0, ;1) do not have a common zero, which is the situation in the
generic case. It follows that the 6n? x 6n? matrix

A/1 — 0D A@ _ 40 o3

from the coupled generalized eigenvalue problem of the modified problem (11)
is nonsingular. Block structure of T'S(A;) is

3n2 3n? 3n?
3n? X X X
3712 O >< O 9

2| X 0 X

where the four corner blocks represent nonsingular matrix 7'S(AY) of the mod-
ified problem. The central 3n? x 3n? block of matrix T'S(A,) is

n? n? n?

2l 0 0I1I®F,
| 0 0 0
2| I®I0 0

This matrix is of maximal rank 2n? in the generic case, where we assume that
matrix F5 is nonsingular. It follows that matrix A; is of rank 8n?2.

Similarly we can show that if the problem (1) does not have an eigenvalue
with g = 0 and if the matrix [Dy Es] is of full rank, then matrix A, has rank
8n?. O

Lemma 6 Matriz Ay has rank 6n? in the generic case.

Proof. If we rewrite the matrix Ag in the Tracy—Singh reordering, we obtain

10



the following block structure

3n2 6n?
3n? 0 S
TS(Ao): y
6n2 T 0
where
g 0 0D ®F, 0 —Fi®Dy|E1 Q@ Fy — F1 ® Ey
0 0 0 -Fi®lI 0 0
Di@I0| 0 |Eel| 0 0 |
and
0 0 I ®F,
0 0 0
I®I 0 0
T =
0 —I R Dy|—1® Ey
—I®I 0 0
0 0 0

From the above block representations of S and T' it is easy to see, under the
general assumption, that matrices Dy, Fi, Dy, and F; are all nonsingular, that
each of the matrices S and T is of rank 3n2. It follows that in the generic case
the rank of Ay is indeed 6n%. O

Lemma 7 In the generic case, where we assume that matrices Dy, Do, I, F5
are nonsingular, we can construct basis for kernels of Ag, Ay, and As as
follows:

(1) A basis for Ker(Ay) consists of vectors

0 0
el ® le;|, ii=1,....n

0 0

11



(2) A basis for Ker(Ay) consists of vectors

0 0

—€; —Gj

(3) Kernels of Ay and Ay are included in the kernel of Ag. A basis for
Ker(Ay) consists of vectors in (1) and (2), and vectors

0 0
DiY(E, — F)e;| ® |DyY(By — Fy)ej|, 4,j=1,...,n.

—€; —6]'

Proof. One can confirm the lemma by a direct computation. O

In a similar way we can find basis for Ker(A}), Ker(A}), and Ker(A3).

Lemma 8 A basis for Ker(Ay) is

Ker(AY) Ker(A})

0 0 0 0 0 0
el @ el [0l @ |0 |e| @ el Li=1...,n

0 0 €; €; €; €;

Proof. It is easy to see that the above vectors are indeed in the spaces
Ker(A}), Ker(A%), and Ker(Aj), respectively. From Lemmas 5 and 6 it follows
that these vectors form a basis for the mentioned kernels. O

Let us show that for all ag, a1, as € C, not all equal to zero, the linear combi-
nation aglAg + a1 A1 + @z, is singular. This means that the two-parameter
eigenvalue problem is singular even if we study it in the homogeneous form
(10).

Lemma 9 Matrices A} and A} act on Ker(Ag) as

12



AT (o] ® [0l =|0| ® [0 —|0| ® |0

ASlz| @ |yl =10| @ |y| — |z| ®

In fact images of A} and A% restricted to Ker Af coincide.

Using the above straightforward lemma one can easily check that there exist
a, b, and ¢, not all equal zero, such that

0 0 0 0 0 0
(aAf + AT+ Ad) la|z| ® |yl +b|z| @ |y| +c|o| ®|0] | =0,
T Y 0 0 x Y

one solution is a = ayag, b = a2 — ayae, and ¢ = a3 — ajay. The problem is
therefore singular.

We would like to show that the eigenvalues of the initial quadratic two-
parameter eigenvalue problem (1) are exactly the finite regular eigenvalues
of the coupled generalized eigenvalue problem (7).

Definition 10 Normal rank of a square matriz pencil A — \B s

n, = maxrank(A — sB).
seC

We say that z € C is a finite reqular eigenvalue of matriz pencil if rank(A —
z2B) < n,.

Definition 11 A pair (A, ) € C? is a finite reqular eigenvalue of two-parameter
eigenvalue problem (5) if

rank(A® + ABY 4+ 4C%Y) < max rank(A? 4+ sB® ++tC®)

(s,t)eC?

fori=1,2.

13



Definition 12 Let A—AB € C™*" be a matrix pencil. There exist nonsingular
matrices P € C™™ and QQ € C™™ such that

PYA—-AB)Q = A — \B =diag(A, — ABy, ..., Ay — \By)

is the Kronecker canonical form. Each block A; — A\B;, i = 1,...,k, must be
of one of the following forms: J;(a), N;, L;, or LT, where blocks

77

(=) 1 1 -\

-1

represent finite reqular blocks, infinite reqular blocks, right singular blocks, and
left singular blocks respectively. More about Kronecker canonical form can be

found in, e.g., [4], [5], [6], and [14].

It follows from the weak linearization that all eigenvalues of the initial quadratic
two-parameter eigenvalue problem (1) are finite regular eigenvalues of the lin-
earized two-parameter eigenvalue problem (3).

Definition 13 A pair (\, ) € C? is a finite reqular eigenvalue of matriz
pencils A; — ANy and Ay — pAg if all of the following statements are true:

(1) X is a finite reqular eigenvalue of Ay — Ay,

(2) w is a finite reqular eigenvalue of Ay — Ao,

(3) there exists a common eigenvector z in the intersection of finite reqular
subspaces of pencils Ay — Ay and Ay — g such that

(Al - )\Ao)z = 0,
(AQ - [I,Ao)z =0.

Now we can show that all eigenvalues of the initial quadratic two-parameter

eigenvalue problem (1) are finite regular eigenvalues of the coupled general-

ized eigenvalue problem (7). The equivalence of both sets of eigenvalues is
established later in Theorem 17.

Lemma 14 The common zeros of qi(A, ) and qa(\, 1) from (2) are finite
reqular eigenvalues of matriz pencils Ay — ANAg and Ay — ulgy from (7).

14



Proof. It follows from Lemmas 5, 6, and 7 that the normal rank of pencils
A1 — Mg and Ay — pA\g is exactly 8n?.

Let a vector of the form

z Y
Ar| ® | Ay
e MY

be an eigenvector for the eigenvalue (A, x) that we get from the linearization.
Such vector has nonzero first block components x and y. Vectors in the kernels
of Ay and A, have the first block component zero, so we have rank(A; —AAg) <
8n? and rank(A, — plg) < 8n?. O

Now we have enough information to determine the Kronecker canonical struc-
ture of matrix pencils A; — AAg and Ay — ud\,.

Lemma 15 The pencil A; —\A} has at least 2n? first root vectors for infinite
eigenvalues. The same is true for the pencil A5 — pAj.

Proof. The first root vector for an infinite eigenvalue is vector z; in the chain
Ajzg = 0, Ajxg = Ajz, such that Ajz, # 0. We have to show that we can
find 2n? such linearly independent vectors.

Froma Lemma 9 it follows that all vectors in Ker(A), which are of the form

0 0
x| & | x
X X

by Lemma 7, are obviously orthogonal to A} Ker(Af). As the whole space is
an orthogonal sum of Im(Af) and Ker(Ay), it follows that A} Ker(Aj) is a
subspace of Im(A}). So, there exist 2n? linearly independent vectors x; such
that Ajz; is in A} Ker(Aj). O

Lemma 16 Kronecker canonical form of pencil Ay — AAq has n* Lo, n* LT,
2n? N, blocks, and the finite reqular part of size 4n?.

Proof. Regular Kronecker canonical structure of the transposed pencil A} —
AA} is the same as of Ay — AA,. Right (left) singular structure of A} —AAj is
left (right) singular structure of A; — AAq. The pencil A; — AAy has a regular
part of size at least 4n? by Lemma 14. Number of Ly and LY blocks is n? by

15



Lemmas 5, 7, and 8. It follows from Lemma 15 that the pencil in addition has
2n% N, blocks. Thus we have completely determined the Kronecker canonical
structure. O

Theorem 17 The eigenvalues of the initial quadratic two-parameter eigen-
value problem (1) are exactly the finite reqular eigenvalues of the coupled gen-
eralized eigenvalue problem (7).

Proof. We know that (1) has 4n? eigenvalues which are also finite regular
eigenvalues of the linearized two-parameter eigenvalue problem (5) and we
proved in Lemma 15 that all eigenvalues of (5) are finite regular eigenvalues of
(7). As it follows from Lemma 16 that (7) can not have more than 4n? finite
regular eigenvalues, the sets of eigenvalues must be equal. O

In the next section we describe the algorithm that computes the common regu-
lar part of two matrix pencils. Using this algorithm we can solve the quadratic
two-parameter eigenvalue problem applying the proposed linearization.

4 Algorithm for the extraction of common regular subspace of two
singular matrix pencils

We would like to recover the finite regular eigenvalues of matrix pencils A; —
AAg and Ay — ul\g. In this paper we are not interested in the infinite part.

Instead of the Kronecker canonical form we will use the generalized upper-
triangular form, where the transformation matrices P and () are unitary, see,
e.g., [14] or [4]. For the matrix pencil A — AB there exist unitary matrices P
and () such that

A, — \B,
X A — A\By
P*(A—\B)Q = . (12)
X X Af — >\Bf
I X X X A, — )\BE_

Pencils A, —AB,,, Acw —ABo, Ay —ABy, and A, — AB, contain the left singular
structure, the infinite regular structure, the finite regular structure, and the
right singular structure, respectively. We are particularly interested in the
lower right block of (12). There we find the finite regular structure together

16



with the right singular structure. We partition P = { P PQ} and ) = [Ql QQ]

in such a way that

Ay — ABy
X A, — \B,

= P5(A - AB)Qa.

The columns of ()2 now represent a basis for the eigenspace of the regular
part with the right singular structure. The most simple case of a right singular
structure is when Ker(A) N Ker(B) is nontrivial. Eigenvectors of the projected
pencil are then not well defined.

Below we provide a sketch of the algorithm that computes a pencil representing
the regular structure together with the right singular structure of pencil A; —
AAg. The algorithm, which is based on the staircase algorithm presented in
[14], starts with two matrices Ay and A;. It reduces them using consequent
row and column compressions, until Dy has full row rank.

Algorithm 1 Dy = Ay; D, = Ay;
Repeat,

(1) (a) Compute SVD(Dy). Matrix Dy has size m X n. We get matrices
with orthonormal columns Uy, Vy and a diagonal matrixz 3y such that
UpXoVy = Do. Rankr of Ag is the number of nonzero singular eigen-
values.

(b) If matriz Dy has full row rank, exit and return Dy = P*A¢Q, D =
P*AQ.
(2) Compute the row compression of matriz Dy.

r X
Uy Dy =
m-—r O
Compute block H of
X
UyDy =
m—-r H

and compress it to full column rank c. Compute SVD(H). We get matrices

17



Uy, Vi, ¥1. We now have

r X D\l r X D\O
Uz (Dy — ADo)Vi = —
m—r| 0 0 m—r| X 0

(3) Assign Dy = Do, D1 = Dy and proceed to 1.

The algorithm has a dual form that computes a pencil representing the reg-
ular structure together with the left singular structure of pencil A; — AA,.
The algorithm starts with two matrices Ay and A;. It reduces them using
consequent column and row compressions, until Dy has full column rank. For
the reduction we use the singular value decomposition or rank revealing QR.

Algorithm 2 Dy = Ay; D; = Ay;
Repeat,

(1) (a) Compute SVD(Dy). Matriz Dy has size m x n. We get matrices
with orthonormal columns Uy, Vo and a diagonal matrix X, such that
UpXoVy = Do. Rank c of Ay is the number of nonzero singular eigen-
values.

(b) If matriz Do has full column rank, exit and return Dy = P*AqQ,
D1 = P*AlQ

(2) Compute column compression of matriz Dy.

DoVo =m0 |
Compute block H of
DiVo=m|x H |

and compress it to the full row rank r. Compute SVD(H). We get matrices
Uy, Vi, ¥1. We now have

r x 0 r X X
Ui (Dy — ADg)Vy = - - A e
m—r D1 0 m—r Do 0

(8) Assign Dy = /50, D, = D, and proceed to 1.
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We will apply these two algorithms to compute the common regular structure
of two matrix pencils. In the first phase of the algorithm we compute the
common regular structure and the common right singular structure of A; —
A and Ay — pl\g separately using Algorithm 1. We get PfA1Q1 — AP AgQq
and PyAsQa — Py AoQ)z. Let the columns of matrix () be an orthogonal basis
of Q1N Q5 and the columns of matrix P an orthogonal basis for P; + P,. We
now continue with Ay = P*A¢Q, Ay = P*A1Q, and Ay = P*AyQ). We stop if
matrix A has full row rank. In the second phase of the algorithm we separate
the regular part and the right singular structure using the Algorithm 2. At
the end we get square matrices, where 4 is invertible.

In the following algorithm we denote the vector space spanned by the columns
of a matrix A as A.

Algorithm 3 P = 1[,,, Q = I,,, where m is the number of rows of Ag and n
18 the number of columns of Ay.

(1) Separate infinite and finite part.
(a) Apply Algorithm 1 to P*A1Q —AP*A¢Q and P*AyQ — uP*A¢Q. We
get P, Q1 and Py, Q5.
(b) Compute matrices QQ and P with orthonormal columns such that Q =
leQQ andP:P1+P2.
(c) If Q = Qy return P, Q and proceed to (2.a). Otherwise, proceed to
(1.a).
(2) Separate the finite reqular part from the right singular part.
(a) Apply Algorithm 2 to P*A1Q — AP*AgQ and P*AsQ — uP*A¢Q. We
get Py, Q1 and Py, Q.
(b) Compute matriz QQ with orthonormal columns such that @ = Q1+ Qs
and matriz P with orthonormal columns such that P = P; N Ps.
(¢) If @ = Q return P, Q and exit. Otherwise, proceed to (2.a).

Algorithm 3 stops in a finite number of steps. In the first phase the row rank
of P*Ag() and the number of columns in ) decrease until P*Aq(Q has full
row rank. In the second phase the column rank of P*Aq() and the number of
columns in () decrease until P*AqQ has full column rank. Moreover, P*AqQ)
is a full rank square matrix.

Let us mention that the above algorithm has a dual form. We can start with
Algorithm 2 in the first phase and use Algorithm 1 in the second phase, but
then we have to compute () as an orthogonal basis for Q; + Qs and P as
an orthogonal basis for P; N Py in the first step. In the second step we then
compute () as an orthogonal basis for Q; N Qs and P as an orthogonal basis
for P; + P».

In the following lemma we show that Algorithms 1, 2, and 3 work for the
special singular two-parameter eigenvalues problems that appear in model
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updating [3].

Lemma 18 Let matrices Ao, A1, and Ay be hermitian and Im(Aq), Im(Ay) C
Im(Ag). Then matrices Af Ao, Ag A1, and A Ao, where A§ is a generalized
inverse of Ay, are of the form

m k m k m k

m |10 m| A0 m| Ay 0

AFA, = L OALA = UL AfA, = 2
k100 00 00

where k is the dimension of Ker(Ay).

Tmnsformatwns in Algorithm 2 can be chosen so that UIA U, = Di'A,
Uy AQUl = Dy Ag, and Ao = Dy. Matriz Dy is diagonal and matriz Uy is
unitary.

Proof. Matrix Aq is hermitian. There exist a unitary matrix U = [Ul UQ]

and a diagonal matrix D = diag(dy, ..., dn,0,...,0), where m = dim(Im(Ay))
and the columns of U; span Im(A), such that Ay = UDU*. In the first phase
in Algorithm 1 we compress A to the full row rank. We multiply with U* and

obtain
X m | X
., U'Ay = .
0 0

Ker(A;), Ker(Ay), and so we compressed Aq to full

m

U*AOZ m|: s U*AIZ

X
0
We know that Ker(Ay) C

row rank.

We can do the same to compress A to the full column rank. We get the
following matrices

m| DO m| AL 0 m| Ay 0
U*AgU = . UAU = . U*AU = .
00 00 00

It is easy to check that UDTU* is a generalized inverse of Ag. Let us compute

A O
00|

U*Af AU = U*UDYU* AU = D*
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The proof for A, is analogous. O

5 Numerical examples

+p

lem
~3 4 7 2 4-1] |67 10-3] |48
+ A +A + Au +u x =0,
9 4 52 71 6 —3
(1 3] (1 -4 2 3 , |26 72| |3 -5
+ A +u + A + A\u +u y=0
2 -1 8 2 -4 -1 13 37 -5 2

Example 19 We have the following quadratic two-parameter eigenvalue prob-
6 —1 -21
which has 16 eigenvalues.

Matrices Ao, Ay, and Ay obtained from the weak linearization are of size 36 X
36. Algorithm 3 returns matrices Ao, Al, and Ay of size 16x 16 such that AO s
nonsingular and matrices AO YA, and AO YA, commute. From AO, Al, and A,
we can compute all 16 eigenvalues of the quadratic two-parameter eigenvalue
problem. The largest and the smallest (by absolute value) eigenvalue truncated
to 3 decimal places are (1.799,—2.166) and (0.007 4+ 0.167i, —0.507 £+ 0.17),
respectively.

Example 20 A cubic two-parameter eigenvalue problem has the form

(So() + )\Slo + MS(H + -+ )\3530 + )\2#521 + )\[1/2512 + /L3S()3>$

13

(Tgo + )\Tll) + ,LLTQl + -+ )\3T30 + /\2MT21 + )\[L2T12 + [L3T03)y =0. ( )

If S;j and T;; are general nxn matrices, then the problem has 9n? eigenvalues.

In a similar way as we linearized the quadratic two-parameter eigenvalue prob-

lem we can linearize (13) as a two-parameter eigenvalue problem, a possible
linearization is

Soo S10 So1 S20 S11 So2 000 S30 S21 S12 00000 Sos
-1 I00 0 0 O 00000 O
i 000 0 O O I0000 O "
+ A +u =0
i 00 0 0 O 00000 O
-1 00I 0 0 O 00000 O
i —1] 0000 0 0] |[00I00 O
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Too Tho To1 To0 Th1 To2 000 T30 To1 T12 00000 Tps
-1 I00 0 O O 00000 O
-1 000 0 0 O I0000 O ~
+A +u y=0,
-1 00 0 0 O 00000 O
-1 00I 0 0 O 00000 O
i ~1]  loooo o o] |0o0ro0o0 0]

T T
where T = |1 X\ u \? /\MMQ] ®x and y = {1 Ap A2y p?| ®y. The cor-
responding operator determinant Ao of the above two-parameter eigenvalue
problem is of rank 20n? and thus singular.

Using software package GUPTRI [5] for the evaluation of the generalized
upper-triangular form we observe the following interesting structure:

a) Kronecker structure of Ay — Ao (and same for Ay — o) consists of
4n? Lo, 4n? LY, n? Ly, n® LT, 6n* Ny, 2n? Ny, 2n* N3, n? Ny, and the
reqular part of size In?.

b) dim(Ker(Ay)) = 16n?, dim(Ker(A;)) = 5n?, and dim(Ker(Ay)) = 5n?.

¢) dim(Ker(A;) NKer(Ap)) = 4n?, dim(Ker(Ay) NKer(Ag)) = 4n?, and
dim(Ker(Ag) N Ker(A;) N Ker(Ay)) = n?.

Due to a complex Kronecker canonical structure, we did not attempt to prove
the structure in theory as we did for the quadratic case.

Using Algorithm 3 for the extraction of the common reqular part, we are able
to compute all eigenvalues of the cubic two-parameter eigenvalue problem. For
the test case we reuse the matrices from Example 19 and add the matrices

3 5 -17 —4 -9 5 8
S30 - ) S21 — ) Sl2 - ) SO3 - 9
—24 2 8 1 1 —63
2 3 —65 57 31
T30 - 3 T21 = ) 12 — ) 03 —
-2 =7 9 1 88 —35

Matrices Ao, A1 and Ay obtained from the weak linearization are of size
144 x 144. Algorithm 3 returns matrices Ao, A1, and Ay of size 36 x 36.
Matrices 55151 and Aalﬁg commute as assumed. From AO, Al, and AQ we
can compute all 36 eigenvalues of the cubic two-parameter eigenvalue problem.
The largest and the smallest (by absolute value) eigenvalue truncated to 3 dec-
imal places are (—1.227+0.495i, 1.758 F0.178i) and (0.090 F0.245i, —0.439 F
0.0142i), respectively.
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Example 21 For the last example we simulate a problem from model updat-
ing. We take the following three matrices

_9 5 2 —1—8_ _—5—9—1 6 0—
-5 0 5 8 =2 -6 4 6 -9 4
A=12 -98 8 6|, B=|2-10 3 -1},
0 6 4 —-1-9 -4 8 -5-2-3
7T —-1-6 7 =7 -6 0 3 6 —6]
and i i
-6 303 4
3 —27-3-3
C=1-376-46
0 72-31
-6 16 0 -2

We are looking for parameters X\ and p such that two eigenvalues of the matrix
A4+ AB+uC are oy = 2 and oo = 3. If we write this as a two-parameter eigen-
value problem (9) and apply Algorithm 3 we obtain 20 suitable pairs (A, p).
The closest solution to (0,0), which corresponds to the smallest perturbation

of A, is (0.2593,0.0067).
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A Linearization of two-parameter matrix polynomials

Let us recall the definition of the weak linearization for one-parameter matrix
polynomial.

Definition 22 An ln x In linear matriz pencil A— B is a weak linearization
[10] (of orderin) of a matriz polynomial L(\) if there exist unimodular matrix

24



polynomials E(X) and F(X\) such that

L(\) 0

= E(\)(A— AB)F()).
0 Jign-1)

We can generalize this idea to the general two-parameter polynomial eigen-
value problem.

Theorem 23 Let
k k—i

PO\ ) =323 N Ay

i=0 j=0
be a two-parameter matriz polynomial, where A;; is an n X n matriz for each
1,7. Let us define

KA\ p)=Ay, i+j<k-—1,
Kij\p)=Ay + M1y, i+j=k—1,i#0,
Kokt (A i) = Aok-1 + A1 + pAos.

The linear matrix polynomial

n 2n 3n kn
n K() K1 K2 Kk
2n T1 _[277,
L\, p) = 3n Ty —I3, J
kn Ty —In

where K, is an n x (r + 1)n matriz in block form

Ky = | Ky Ky 11+ Ko

and

M,

A,

pln
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r=1,...,k, is a weak linearization of P(\, u). There exist unimodular two-
parameter polynomial matrices

n 2n 3n kn
nl| 1, Hi Hs H,
2n _IQn
E()‘7/J“) = 3n _[371
kn _]k:n
and
n 2n 3n .. kn
n | I,
2n T1 ]2n
F(Ap) = s Ty I,
such that
P(X, p)
E(\ 1) L\ 1) F(\ 1) = . (A1)

0 T—2)(kt1)n/2

Proof. Let us define a vector of the r-th powers of A, 4 multiplied by z as

T
Xy = Xr )\fr—llu )\Iur—l Iur Q x.

It is easy to check that

We define the vector x* = |x,7 x;7 -+ x| which is composed of up to
(k — 1)-th powers of A, p.
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If we write polynomial P(\, i) as

P\ 1) =

DN A+ Y0 AN Ayg) + Ao,

i+j<k itj=k

then it is easy to see that

It follows that

i£0
k—1k—1—1 o
P\ p) =2 > MKy
i=0 j=0
P,
L(A, p)x* = )
0

If we multiply L(A, 1) and F'(\, p), we obtain

n 2n 3n kn
n P(/\,,LL) H1 H2 Hk—l
2n —]Qn
L()\7M>F<)\7/'L> — 3n _[3n
kn —I]m

for some matrices Hy, ..

follows readily. O

., H,—1 which we use in E (), p). Equation (A.1) now
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