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Abstract Broadcasting is the process of dissemination of a message from one
vertex (called originator) to all other vertices in the graph. This task is accomplished by placing a sequence of calls between neighboring vertices, where one
call requires one unit of time and each call involves exactly two vertices. Each
vertex can participate in one call per one unit of time. Determination of the
broadcast time of a vertex x in arbitrary graph G is NP-complete. Problem can
be solved in polynomial time for trees and some subclasses of cactus graphs.
In this paper broadcasting in cactus graphs is studied. An algorithm that determines broadcast time of any originator with time complexity O(n log ∆)
in k-restricted cactus graph is given. Furthermore, another algorithm which
calculates broadcast time for all vertices in k-restricted cactus graph within
the same time complexity is outlined. The algorithm also provides an optimal broadcast scheme for every vertex. As a byproduct, broadcast center of a
k-restricted cactus graph is computed.
Keywords Broadcasting · Cactus graph · Broadcast time · Broadcast
scheme · Broadcast center

1 Introduction
Broadcasting is the process of dissemination of a message from one vertex
(called originator) to all other vertices in the graph. This task is accomplished
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by placing a sequence of calls between neighboring vertices, where one call
requires one unit of time and each call involves exactly two vertices. Each
vertex can participate in one call per one unit of time. The broadcast time
of vertex u, denoted by b(u), is the minimum number of time units required
to complete broadcasting of a message originating at vertex u. The broadcast
time of graph G, denoted by b(G) is the maximum over all broadcast times
of its vertices, i.e. b(G) = max {b(u) | u ∈ V (G)} . The broadcast center of a
graph G is the vertex vBC which has minimal broadcast time. A broadcast
scheme of a vertex u is a set of calls that, starting at vertex u, completes
the broadcasting in the network (Harutyunyan and Maraachlian, 2008). More
precisely, a broadcast scheme of a vertex u is an ordered sequence of calls
which provides an optimal visiting order of vertices to complete broadcasting.
It is well known that determination of the broadcast time of a vertex x in
arbitrary graph G is NP-complete (Garey and Johnson, 2006). A number of
papers report on research of approximation or heuristic algorithms to determine the broadcast time of a vertex x in arbitrary graph G (Bar-Noy et al.,
1998; Beier and Sibeyn, 2000; Elkin and Kortsarz, 2005, 2006; Feige et al.,
1990; Fraigniaud and Vial, 1997a,b, 1999; Harutyunyan and Shao, 2006; Kortsarz and Peleg, 1995; Ravi, 1994; Scheuermann, 1984) Another direction of the
research is to design polynomial algorithms that determine the broadcast time
of a vertex in special families of graphs. First family of graphs for which was
found polynomial algorithm for broadcasting is the trees (Slater et al., 1981).
Broadcasting problem is also solved with linear algorithm for some subfamilies
of cactus graphs: unicyclic graphs (Harutyunyan and Maraachlian, 2008), necklace graphs (Harutyunyan et al., 2009) and graphs with no intersecting cycles
(Harutyunyan and Maraachlian, 2009b). There is also an O(n log n) broadcast
algorithm for fully connected trees (Harutyunyan and Maraachlian, 2009a).
Note that cactus graphs are interesting interconnection network topologies as
they are a common generalization of trees and ring networks (Ben-Moshe et
al., 2012; Elenbogen and Fink, 2007). Furthermore, the cacti are an interesting class of graphs in combinatorial optimization because it is well-known that
eﬃcient solutions to many problems can be generalized to cactus graphs, often
within the same time complexity (Markov et al., 2012; Zmazek and Žerovnik,
2005).
In this paper we design an algorithm that determines the broadcast time from
any originator in arbitrary k-restricted cactus graph and as a side result we
give a broadcast scheme of originator. Time complexity of our algorithm is
O(n log ∆) for any originator. Clearly, a naive approach that computes the
broadcast times for all vertices separately and in summary identiﬁes the vertices with minimal broadcast times as centers has time complexity O(n2 log ∆).
We show that the naive method can be considerably improved by providing
an algorithm for the broadcast time and center of a k-restricted cactus graph
that runs in O(n log ∆) time. We also determine the broadcast center and
broadcast time.
The rest of the paper is organized as follows. In the next section we will
give some deﬁnitions and a useful representation of a cactus graph. Section 3
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presents an algorithm which calculates broadcast time of an arbitrary originator. In Section 4 we provide the algorithm for broadcast time of a cactus. In
the ﬁnal section we summarize the results and discuss possible future work.

2 Preliminaries
2.1 Overview of the main ideas
In this paper we ﬁrst introduce an algorithm which determines the broadcast
time of an arbitrary chosen, but ﬁxed vertex r in a cactus graph G. Given a
cactus graph G and a root vertex r, we ﬁrst run DFS from the root vertex
r and label the vertices as they appear in the DFS order: r = v0 , v1 , ...vn .
During the DFS run we determine, for each vertex vi , its father and its cycle
root when applicable.
The main task, computing the broadcast time of a vertex will be computed
based on the DFS order. First the vertices of G will be visited in the reverse
DFS order, and during this phase the temporary broadcast time (to be deﬁned
later) will be computed. The computation will locally involve partial results for
the subcacti rooted at the vertex currently visited and will depend on the type
(tree-like or cycle-like) of the subcacti attached. As locally the time complexity
of the algorithm depends on the number of cycles rooted at a vertex, we need
the assumption that at most k cycles can meet in one vertex, i.e. we work
with k-restricted cacti. Essential is the observation that at the root of G the
temporary broadcast time equals the broadcast time.
The broadcast time of a graph G can thus be computed using the DFS
order started at all vertices and computed the respective broadcast times. In
Section 4 we show that this can be substantially improved. Using the temporary broadcast times achieved when computing the broadcast time of one
vertex can be used in one additional phase, this time visiting the vertices in
the DFS order, and computing the broadcast times of all vertices.

2.2 Basic deﬁnitions
Graph G is an ordered pair G = (V, E), where V = V (G) is the set of vertices
and E = E(G) is the set of unordered pairs of vertices (x, y) = xy of G called
edges. As usual, n = |V (G)| and m = |E(G)|. Two vertices x and y of graph G
are adjacent if G contains the edge xy. The degree of a vertex x is the number
of vertices which are adjacent to x, denoted by deg(x). The maximum and
minimum degree of a graph G are respectively denoted by ∆(G) and δ(G). A
simple path from vertex x to vertex y is a ﬁnite sequence of distinct vertices
x = x0 , x1 , ..., xl = y such that each pair xi xi+1 is connected by an edge.
The length of a path is the number of edges on the path. The distance d(x, y)
between two vertices x and y is the length of a shortest path from x to y. A
connected graph is a graph such that there exists a path between each pair of
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vertices. A cycle is an induced subgraph which is connected and in which any
vertex is of degree two. A cactus graph is a connected graph in which any two
cycles have at most one vertex in common. Or, equivalently, each edge in a
cactus graph meets at most one cycle. A k-restricted cactus graph is a cactus
graph where no more than k cycles can have more than one vertex in common,
or equivalently, a cactus graph in which every vertex is on at most k cycles.
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Fig. 1 Example of a k-restricted cactus graph where k = 2.

2.3 DFS representation of a cactus graph
It is well-known that cactus graphs can be recognized in linear time (Aho
et al., 1974; Brandst, 2000; Hedetniemi et al., 1986). This can be done by a
DFS (depth ﬁrst search) from any vertex of G yielding a DFS representation
of a cactus graph, for details see (Zmazek and Žerovnik, 2004). Any cactus
graph G can always be represented as a rooted cactus. This means that an
arbitrary vertex v0 ∈ V (G) is distinguished and called a root of the cactus
graph G. All other vertices are indexed as v1 , v2 , ..., vn−1 as they appear in a
DFS order. In each cycle C of the cactus G there is a unique vertex vi which
is the ﬁrst vertex of the cycle in the particular DFS order. We call this vertex
vi the root of cycle C. All cycles in a cactus are determined by the root and
its successor. Therefore, a rooted cactus can be represented with two arrays
Fi and Ri , i = 0, 1, ..., n − 1, where Fi denotes the unique father of vertex vi
and Ri denotes the root vertex of a cycle containing vertex vi . If vi is not on
a cycle, then Ri = vi and there is no vertex vj for which Rj = vi would hold.
If vi is on a cycle rooted at vj , then Ri = vj ̸= vi .
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Fig. 2 Pointers F and R on a rooted cactus from Figure 1.

An example of a 2-restricted cactus graph is on Figure 1. The arrays F and R
on this graph after a DFS run from vertex 1 are indicated as arcs on Figure 2.
2.4 Tree-like and cycle-like components
We will ﬁrst study how to compute the temporary broadcast time for two simple structures which we call tree-like components and cycle-like components.
At a vertex u somewhere in the DFS order we may observe several types
of vertices that are visited later in the DFS order. First u may lie on a cycle
that is rooted by some vertex that appears before u in the DFS order, and
there are some later vertices on this cycle. These vertices will be of minor
interest because they will be treated when the root of the cycle is considered.
Furthermore, there may be some subcacti rooted at u, and we distinguish two
types of subcacti that can be attached to u. Loosely speaking, we call them the
tree-like and the cycle-like components, because they (from vertex u) either
look like a tree or like a cycle. We wish to emphasize that a tree-like component
is not necessarily a tree and a cycle-like component is not necessarily a cycle.
More precisely, we deﬁne
Definition 1 Let uv be an edge which is not on a cycle and let u precede v
in the DFS order. The tree-like component τu (v) rooted at u and covering v
is the subgraph of G that is induced on vertices u, v and all vertices that are
closer to v than u in G.
Equivalently, delete the vertex u and let Gv be the connected component
of G − u that covers v. The tree-like component rooted at u that covers v is
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the subgraph of G induced on the vertices V (Gv ) ∪ {u}. Example is on Figure
3.

u
v

Fig. 3 Example of a tree-like component τu (v). v is the sole neighbor of u.

Definition 2 Let the edge uv lie on a cycle C and let u be the root of cycle
C. The cycle-like component γu (v) rooted at u and covering v consists of the
cycle C (called the basic cycle) and all the subcacti rooted at vertices v ∈ C,
v ̸= u.
Equivalently, delete the vertex u and let Gv be the connected component of
G − u that covers v. The cycle-like component rooted at u that covers v is the
subgraph of G induced on vertices V (Gv ) ∪ {u}. Example is on Figure 4.
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Fig. 4 Example of a cycle-like component γu (v1 ) = γu (v7 ).
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3 Temporary broadcast time
In this section we show how the temporary broadcast times are computed.
More precisely, given a cactus graph G with the root r, we want to compute
the temporary broadcast times for all vertices in G assuming a DFS order of
vertices is given. It appears that the temporary broadcast time of the root vertex r is also exactly the broadcast time of vertex r. The temporary broadcast
time at vertex u is formally deﬁned as follows:
Definition 3 Temporary broadcast time of a vertex u is the number of steps
required for u to send message to all its descendants in DFS order except for
vertices which are on the same cycle as u and u is not the root of that cycle.
Temporary broadcast time of the vertex u is denoted by T (u).
Remark 1 Temporary broadcast time of the root vertex r is the number of
steps required to visit all other vertices of a graph and therefore is also the
broadcast time of the root vertex r.
When computing the broadcast time of a vertex, we take into account temporary broadcast times of the components (i.e. subcacti) rooted at the vertex.
The rules for tree-like components are simple, while the treatment of cycle-like
components is somewhat more complicated, because a cycle-like component
may either be visited from one, from the other, or from both sides. Several
auxiliary values are used to store the information about the cycle-like components that enable the ﬁnding of the optimal schedule.
For each vertex u we introduce a queue in which the order of components
rooted at u will be stored. This queue consists of a sequence of vertices. Each
tree-like component in the queue is presented by a vertex which is the son of u
and each cycle-like component is presented either with one or both neighbors
of u (depends whether we visit component from one or from both sides).
Definition 4 Visiting queue of the vertex u Qu is a queue that determines
the order in which neighbors of the vertex u will be visited.
Length of the visiting queue Qu will be at least the number of components
of vertex u and at will at most equal the degree of the vertex u. The length
depends on how many cycle-like components rooted at u have to be visited
from both sides.
Every component of vertex u has a position in queue Qu . With Qu [i] we
denote the component rooted at u which is stored on i − th place in Qu . This
component will be visited i − th in the row with delay i − 1.
3.1 Temporary broadcast time of a tree-like component
Observation 1 Let v be a descendant of the vertex u such that the edge uv
is on a tree-like component τu (v) and let T (v) be temporary broadcast time of
the vertex v. Then T (τu (v)) = T (v) + 1.
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⊔
⊓

When all the components rooted at the vertex u are tree-like, the temporary
broadcast time of u can easily be found.
Observation 2 Let v1 , v2 , . . . , vl be descendants of the vertex u; let τu (v1 ),
τu (v2 ), . . . , τu (vl ) be the corresponding tree-like components and T (v1 ), T (v2 ),
T (v3 )..., T (vl ) temporary broadcast times of the vertices v1 , v2 , . . . , vl respectively. Assume that the descendants are ordered by temporary broadcast time
in descending order. Then T (u) = maxi∈{1,2,...,l} {T (vi ) + i} + 1.
Proof Clear.

⊔
⊓

The observation above can be proved by a straightforward generalization of
the same fact that holds for trees. Note however that we can not directly use
already known theory of broadcasting on trees (Slater et al., 1981), or any other
special subclasses of cactus graphs (Harutyunyan et al., 2009; Harutyunyan
and Maraachlian, 2008, 2009a,b), because a descendant of the vertex u can be
a root of an arbitrary k-restricted subcactus.

3.2 Cycle-like components - more deﬁnitions
Let γ be a cycle-like component with the root v0 and with v1 , ..., vl as vertices
of the basic cycle. We assume that temporary broadcast times of the vertices
on the basic cycle T (v1 ), ..., T (vl ) and their respectively visiting queues are
known.
Before we consider the calculation of a temporary broadcast time of cyclelike component, we introduce some auxiliary notions that will be used in the
analysis. (Clearly, γ = γv0 (v1 ) = γv0 (vl ) because the edges v0 v1 and v0 vl deﬁne
the same component rooted at v0 .)
We ﬁrst deﬁne several auxiliary variables which will be used to explain (and
prove) the optimal strategy for broadcasting in minimal time.
When only one cycle is considered, it is important to choose the right strategy
how to visit all vertices so that we need minimal number of steps. Namely,
at every vertex on the basic cycle we may decide whether to ﬁrst visit the
next vertex on the basic cycle or it is better to visit other descendants before
continuing along the cycle. The information on possible strategies for visiting
one cycle-like component are useful when we have more components rooted
at the same vertex in order to combine optimally the order of visiting the
components. In order to study the possible strategies for visiting vertices of
one cycle-like component, we will ﬁrst divide the vertices of the cycle in two
parts. We call the part with lower indices ”the ﬁrst half”, although this does
not imply that it will be visited ﬁrst. In fact, the whole cycle may be either
visited from one side or from both sides, and the starting time for each of the
parts may depend on other components that are also rooted at u. This will be
explained in detail later.
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Definition 5 Let γ be a cycle-like component with the root v0 and v1 , v2 , ..., vl
vertices on the basic cycle of γ. Then
A(γ) = A =

B(γ) = B =

max {T (vi ) + i} ,

1≤i≤⌈ 2l ⌉

max {T (vi ) + l − i + 1} .
⌈ 2l ⌉+1≤i≤l

Definition 6 Let γ be a cycle-like component with the root v0 and v1 , v2 , ..., vl
vertices on the basic cycle of γ. Then S(γ) = S = min {S1 , S2 }, where S1 =
max1≤i≤l {T (vi ) + i} and S2 = max1≤i≤l {T (vi ) + l − i + 1} .
Roughly speaking, S is the number of steps needed to visit a cycle-like component from one side, while A and B give the number of steps needed to visit
one part of the cycle-like component.
When we want to visit vertices of a cycle-like component, we have to decide at
each vertex u on the basic cycle whether to ﬁrst visit the next vertex on the
basic cycle and then other descendants of u or it is better to ﬁrst visit some
descendants of vertex u and then go to the next vertex on the basic cycle.
The following observations determine optimal visiting strategy for cycle-like
components.
We say that we enter cycle-like component from ”side A” if we enter component
from direction v1 , v2 , ... and similarly we say that we enter cycle-like component
from ”side B” if we visit cycle-like component from direction vl , vl−1 , ....
Observation 3 Algorithm 1 returns the last possible vertex on the basic cycle
entered from ”side A” which (together with its components) still can be visited
in t steps.
Proof Our goal is to visit as many vertices as possible in t steps in order
to minimize the remaining part which will have to be visited from the other
direction. Therefore, if possible we always go ﬁrst to the next vertex on the
basic cycle and then visit other descendants. In this case, i.e. if we ﬁrst move
to the next vertex on the basic cycle, we can visit other descendants with delay
one. From this it is obvious that if temporary broadcast time together with
the distance from root is smaller than t, we do not exceed t steps even with
delay one. Similarly, if temporary broadcast time of a vertex together with the
distance from root exceeds t, it is not possible to visit this vertex and we can
conclude that previous vertex on the basic cycle is the last visited vertex. In
these cases the algorithm clearly works optimal.
If the temporary broadcast time of a vertex together with a distance from
the root is equal t, then we can not ﬁrst move to the next vertex on a basic
cycle without exceeding available number of steps. However in some cases it is
possible that we ﬁrst visit some descendants of the current vertex, then move
to the next vertex on the basic cycle and then with additional delay still within
t steps visit remaining descendants of the previous vertex. To ﬁnd out when
this is possible, we ﬁrst look how many components of currently visited vertex
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can get delay one and not exceed t and then (if such components exists) we ﬁrst
visit descendants of currently visited vertex for which can not aﬀord delay and
then (with some additional delay) move to the next vertex on the basic cycle.
This is clearly optimal since we move forward along the basic cycle as soon as
component together with delay does not exceed t and therefore continue along
basic cycle with smallest possible delay.
⊔
⊓

Algorithm 1 Procedure ﬁnds how many vertices on basic cycle and their
descendants can be visited from ”side A” (v1 , v2 , ..., vl ) in t steps. Returns last
visited vertex on basic cycle.
Input: A cycle-like component and a number of steps available.
i = 1; delay = 1;
while (T (vi ) + delay ≤ t) do
if (i = l) then
Return vl and exit procedure.
{We visited whole component from one side.}
end if
if (T (vi ) + delay < t) then
delay = delay + 1;
i = i + 1; {We ﬁrst move to the next vertex on the basic cycle and then later visit
vertices in Qvi−1 .}
else
j = length(Qvi );
while ((T (Qvi [j]) + delay + 1 < t)&(j > 0)) do
j = j − 1; {We search for such position (smallest) in queue that to vertices onward
it we can add delay one and still do not exceed t.}
end while
delay = delay + j + 1;
i = i + 1;
{We first visit j vertices in Qvi . Therefore, delay increases for j.Then we move to the
next vertex on basic cycle and consequently i increases for one and delay increases
for one. Then we visit remaining vertices in Qvi−1 with new delay.}
end if
end while
if (T (vi ) + delay > t) then
Return vi−1 and exit procedure.
{vi−1 is the last vertex which can be visited in t steps.}
end if

Observation 4 Algorithm 2 returns the last possible vertex on the basic cycle
entered from ”side B” which (together with its components) still can be visited
in t steps.
Proof Analogous to Observation 3. Details are omitted.

⊔
⊓

Example 1 The graph on Figure 4 has the basic cycle on eight vertices therefore A = 6, B = 5 and S = 11.
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Algorithm 2 Procedure ﬁnds how many vertices on basic cycle and their
descendants can be visited from ”side B” (vl , vl−1 , ..., v1 ) in t steps. Returns
last visited vertex on basic cycle.
Input: A cycle-like component and a number of steps available.
i = l; delay = 1;
while (T (vi ) + delay ≤ t) do
if (i = 1) then
Return v1 and exit procedure.
{We visited whole component from one side.}
end if
if (T (vi ) + delay < t) then
delay = delay + 1;
i = i − 1; {We ﬁrst move to the next vertex on the basic cycle and then later visit
vertices in Qvi+1 .}
else
j = length(Qvi );
while ((T (Qvi [j]) + delay + 1 < t)&(j > 0)) do
j = j − 1; {We search for such position (smallest) in queue that to vertices onward
it we can add delay one and still do not exceed t.}
end while
delay = delay + j + 1;
i = i − 1;
{We first visit j vertices in Quvi . Therefore, delay increases for j.Then we move
to the next vertex on basic cycle and consequently i decreases for one and delay
increases for one. Then we visit remaining vertices in Qvi+1 with new delay.}
end if
end while
if (T (vi ) + delay > t) then
Return vi+1 and exit procedure.
{vi+1 is the last vertex which can be visited in t steps.}
end if

If value S of a cycle-like component is larger as available number of steps then
we will have to visit a cycle-like component from both sides. In other words,
we will have to divide a cycle-like component to two tree-like components. We
have two options how to divide a cycle-like component according to side from
which we ﬁrst enter the component.
We ﬁrst run Algorithm 1 for available number of steps. Then we have to calculate how large is the remaining part of the cycle-like component. Algorithm
3 calculates how many steps we need to visit remaining vertices of a cycle-like
component from ”side B” if we know the last visited vertex from ”side A”.

Remark 2 Considering both possible ways of dividing cycle-like component, it
is obviously better to choose the one with smaller remaining part.

We denote the chosen remaining part (smaller tree-like component) with C ′′
and corresponding ﬁrst part (bigger tree-like component) with C ′ .
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Algorithm 3 Procedure calculates the number of steps required to visit remaining vertices of cycle-like component from ”‘side B”’ if we know the last
visited vertex from ”‘side A”’. Last visited vertex from ”side A” is vA .
Input: a cycle-like component and last visited vertex from ﬁrst side.
t = 0;
for (i = A + 1; i ≤ l; i + +) do
if (T (vi ) + l − i + 1 > t) then
(t = T (vi ) + l − i + 1)
end if
end for
Run Algorithm 2 for t steps and obtain vertex vB . {Calculates the last visited vertex in
t steps from ”side B”.}
if B ≤ A + 1 then
(T (C ′′ ) = t)
else
(T (C ′′ ) = t + 1)
end if

Algorithm 4 Procedure calculates the number of steps required to visit remaining vertices of cycle-like component if we know the last visited vertex
from ”side B”. Last visited vertex from ”side B” is vB .
Input: a cycle-like component and last visited vertex from ”side B”.
t = 0;
for (i = 1; i < B; i + +) do
if (T (vi )i > t) then
t = T (vi ) + i
end if
end for
Run Algorithm 1 for t steps and obtain vertex vA . {Calculates last vertex still visited in
t steps from ”side A”.}
if B ≤ A + 1 then
(T (C ′′ ) = t)
else
(T (C ′′ ) = t + 1)
end if

3.3 Temporary broadcast time of a cycle-like component
In this section we will determine temporary broadcast time T (γ) of a cycle
like component γ rooted at u if we assume that temporary broadcast times of
vertices on the basic cycle are known. Because of simpler analysis and due to
symmetry we can without loss of generality assume that A(γ) ≥ B(γ). As γ is
ﬁxed in this subsection, we will often use A, B, and S instead of A(γ), B(γ),
and S(γ). We distinguish two cases A = B, and A > B.
When the values A(γ) and B(γ) are equal, it is clear that we need at least
A + 1 steps to visit all vertices of the component γ, since we have to go into
one direction of cycle with delay one. However, A + 2 steps is always the upper
bound for T (γ). Clearly, if we follow the rule that for each vertex on the basic
cycle always go ﬁrst to the next vertex on the basic cycle and then visit other
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descendants, we produce delay at most one. So, for each half of the component
we need at most A + 1 steps and since we go into one side of the component
with delay one, A + 2 steps suﬃces. Therefore,
Observation 5 If A(γ) = B(γ) then A(γ) + 1 ≤ T (γ) ≤ A(γ) + 2.
Proof Clear.

⊔
⊓

Observation 6 If A(γ) > B(γ) then A(γ) ≤ T (γ) ≤ A(γ) + 1.
Proof It is clear that for visiting all vertices we need at least A steps. The
upper bound for the number of required steps is A + 1, since we can visit the
ﬁrst half of the cycle with at most A + 1 steps and the second half with B < A
steps, hence with delay one we still need at most A + 1 steps.
⊔
⊓
Lemma 1 Algorithm 5 calculates temporary broadcast time of a cycle-like
component.
Proof Algorithm obviously calculates the number of steps required to visit all
vertices of a cycle-like component. If A = B and the calculated value is equal
to A + 1, then by Observation 5, the calculated value is minimal. If calculated
value is A + 2, then we look if we could visit vertices diﬀerently and visit all
vertices in A + 1 steps. However, we have already shown that Algorithm 1 and
Algorithm 2 work optimal in such manner that they visit as many vertices as
possible, therefore any other visiting strategy would give the same or worse
result. We can conclude that A + 2 steps is optimal result.
Arguments for correctness in case where A > B are similar.
⊔
⊓

Algorithm 5 Procedure calculates temporary broadcast time of a cycle-like
component γ.
Input: a cycle-like component γ.
Calculate values A(γ) and B(γ).
if (A = B) then
vi1 =Algorithm1(γ, A + 1), vi2 =Algorithm2(γ, A).
vj1 =Algorithm1(γ, A), vj2 =Algorithm2(γ, A + 1).
if (vi2 ≤ vi1 + 1) or (vj2 ≤ vj1 + 1) then
T (γ) = A + 1.
else
T (γ) = A + 2.
end if
else if (A > B) then
vi1 =Algorithm1(γ, A), vi2 =Algorithm2(γ, A − 1).
vj1 =Algorithm1(γ, A − 1),vj2 =Algorithm2(γ, A).
if (vi2 ≤ vi1 + 1) or (vj2 ≤ vj1 + 1) then
T (γ) = A.
else
T (γ) = A + 1.
end if
end if
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3.4 Temporary broadcast time of arbitrary vertex u in k-restricted cactus
graph
In the following we will describe how to calculate temporary broadcast time
of an arbitrary vertex u in k-restricted graph. We assume that temporary
broadcast times of components rooted (or fathered) by u are known.
Let C1 , C2 , ..., Cl be components rooted (or fathered) by vertex u. Since u
is a vertex in k-restricted cactus graph, we know that at most k of those
components are cycle-like.
With A(Ci ) we denote value A of the component Ci . Similarly B(Ci ) is the
value B of the component Ci and S(Ci ) is value S of the component Ci .
Our goal is to ﬁnd an optimal order in which components of vertex u will be
visited.
Definition 7 Assume that components rooted or fathered at the vertex u are
sorted descending by value T : T (C1 ) ≥ T (C2 ), ..., T (Cl ). Then deﬁne
Mmin = max {T (Ci ) + i − 1} .
1≤i≤l

(1)

Lemma 2 To visit all components of the vertex u we need at least Mmin steps.
Proof Since we can enter at most in one component of the vertex u at one
time unit, all components except the ﬁrst one will be visited with some delay.
How large will delay of a component be depends on the position of component
in the queue. Component Ci which is on i − th place in Qu will be visited with
delay at least i − 1. If we look at temporary broadcast times of component
together with suitable delays, it is clear that we need at least Mmin steps to
visit all components rooted by vertex u.
⊔
⊓
Remark 3 If all components of the vertex u are tree-like, then T (u) = Mmin .
Lemma 3 Let k be the number of cycle-like components rooted at u. To visit
all components of a vertex u we need at most Mmin + k steps.
Proof After dividing at most k cycle-like
{ components,}the upper bound for the
number of steps needed is max1≤i≤L T (C̃i ) + i − 1 , where L ≤ l + k and
C̃∗ are either components C∗ or parts of components C∗ , possibly reordered.
Clearly, T (C̃∗ ) = T (C∗ ) when C̃∗ = C∗ and T{(C̃∗ ) ≤ T (C∗ ) }when C̃∗ is a part
of C∗ . From this we conclude that max1≤i≤L T (C̃i ) + i − 1 ≤ Mmin + k. ⊔
⊓
Lemma 4 Let C1 , C2 , ..., Cl be components rooted at the vertex u and T (C1 ),
T (C2 ), ..., T (Cl ) their temporary broadcast times respectively. There is an optimal order in which the components with greater value of T have priority over
components with smaller value of T.
Proof Assume that components rooted at u are sorted in some order C1 , C2 , ...,
Cl such that component Cj which is placed after Ci has greater temporary
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broadcast time. More precisely T (Cj ) > T (Ci ), j > i. We need T (Cj ) + j − 1
steps to visit all vertices of a component Cj and T (Ci ) + i − 1 steps to visit all
vertices of a component Ci . However if we switch positions of components Ci
and Cj , we need T (Cj ) + i − 1 steps for visit component Cj and T (Ci ) + j − 1
steps for visit component Ci . Since i < j it follows that T (Cj ) + i − 1 <
T (Cj ) + j − 1. It is true that in the same time T (Ci ) + j − 1 > T (Ci ) + i − 1,
however we increased smaller component which does not eﬀect negative on
temporary broadcast time of vertex u. To conclude we can say that the order
in which component with larger temporary broadcast time has priority is at
least as good as any other order of components.
⊔
⊓
Lemma 5 Let Ci and Cj be two tree-like components of vertex u such that
T (Ci ) = T (Cj ). Then order of these two components in visiting queue Qu can
be arbitrary.
Proof Obvious.

⊔
⊓

Lemma 6 Let Ci be a cycle-like component and Cj a tree-like component of
vertex u such that T (Ci ) = T (Cj ). Then there is an optimal order in which
the cycle-like component appears before the tree-like component.
Proof Suppose that a cycle-like component Cui has to be divided to two treelike components regardless of the position. Then if we ﬁrst visit Cj and then
divide Ci , we have one step less available to visit vertices from ﬁrst side (bigger delay). Therefore we can visit less vertices in available number of steps
from ﬁrst side and consequently we get larger remaining part as we would ﬁrst
divide Ci and then visited Cj . Since we tend to get smallest remaining part,
it is clearly better to ﬁrst visit the cycle-like component and then the tree-like
component.
When S(Cj ) is equal to available number of steps, we ﬁrst visit the cycle-like
component because we can visit the entire component from one side. If we
would ﬁrst visit a tree-like component, then we would have to visit a cycle-like
component with additional delay one and therefore we would have to divide
it to two tree-like components.
In case when a cycle-like component can be visited without dividing it regardless of the position of those two components, then it is not important which
of those components will be visited ﬁrst.
⊔
⊓
If for a vertex u it holds that in its visiting queue there exists a position
from which all further components can wait one step longer and still do not
exceed available number of steps, we say that in visiting queue there exists
”free position”.
Remark 4 There can be several free positions in a visiting queue.
When Algorithm 6 ends, we get T (u) and visiting order of components of the
vertex u stored in Qu .
Lemma 7 T (u) is temporary broadcast time of vertex u.
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Algorithm 6 Algorithm calculates temporary broadcast time of a vertex u.
1: if u is a leaf or u is on a cycle and has δ(u) = 2 then
2:
T (u) = 0. Exit.
3: else
4:
Arrange components rooted at the vertex u descending by value T . If more components have equal T , cycle-like components have priority over tree-like components.
5:
Store current order of components to Qu .
6:
t = Mmin .
7:
if All components are tree-like then
8:
T (u) = Mmin . Exit.
9:
else
10:
for Each diﬀerent temporary broadcast time Ts of elements in Qu (starting with
the greatest)) do
11:
m=t
12:
for Every permutation of components with temporary broadcast time Ts do
13:
If necessary divide cycle-like components and insert remaining parts of divided components into Qu to suitable place.
14:
Calculate maxvi ,T (vi )=Ts {T (Qu [i]) + i − 1}.
15:
if maxvi ,T (vi )=Ts {T (Qu [i]) + i − 1} > m then
16:
m = maxvi ,T (vi )=Ts {T (Qu [i]) + i − 1}.
17:
end if
18:
end for
19:
if (m > t) then
20:
t = t + 1;
21:
Return to Step 9
22:
end if
23:
end for
24:
end if
25: end if

Proof It is easy to see that if we follow the algorithm written above, we get
time in which all components of vertex u can be visited. We need to show that
this time is optimal.
If T (u) = Mmin , our algorithm is obviously optimal. Therefore, assume that
T (u) > Mmin .
As we check all possible orders of cycle-like components and from them choose
the best result, other visiting orders would give equal or worse result by lemmas
4, 5 and 6. Therefore we can conclude that algorithm gives the minimum
number of steps required to visit all components rooted by u.
⊔
⊓
Example 2 Let us calculate temporary broadcast time of vertices v21 , v18 and
v5 from Figure 1. First, observe that T (τv5 (v6 )) = 3, T (γv5 (v9 )) = 2 and
T (τv5 (v12 )) = 3 and T (v21 ) = 0 since v21 is on a cycle and it is not a root of
any component. T (v18 ) = 2 because v18 is on a cycle and δ(v18 ) = 2.
In order to calculate T (v5 ) we ﬁrst arrange components in descending order
by T : τv5 (v6 ), τv5 (v12 ), γv5 (v9 ). Note that τv5 (v6 ) precedes τv5 (v12 ) because
the ﬁrst is a cycle-like component while the second is a tree-like component.
Hence Mmin = max{3, 3 + 1, 2 + 2} = 4. Then we check if we can visit all
components in 4 steps. The ﬁrst two components clearly can be visited in 4
steps, but the third component is a cycle-like and can not be visited from one
side in 4 steps (including delay 2). Therefore we have to divide it into two

Preprint series, IMFM, ISSN 2232-2094, no. 1202, January 19, 2015

Broadcasting on cactus graphs

17

tree-like components C ′ and C ′′ , where T (C ′ ) = 2, T (C ′′ ) = 1. Insert these
two tree-like components in queue and get: τv5 (v6 ), τv5 (v13 ), C ′ , C ′′ . Now it is
easy to see that all components can be visited in 4 steps, therefore T (v5 ) = 4.

3.5 Time complexity of calculating T (u)
In this section we show how to determine the broadcast time of an arbitrary
chosen, ﬁxed vertex u of the k-restricted cactus graph and estimate the time
complexity.
Computation of the broadcast time of vertex u proceeds as follows. We
ﬁrst run a DFS search from u as a root vertex and denote the vertices as appear in this DFS order with u = v0 , v1 , ..., vn−1 . Then we calculate temporary
broadcast time for every vertex vi in the k-restricted cactus graph rooted at
v0 . We traverse the graph in reverse DFS order so that when we calculate temporary broadcast time of a vertex vi we already know temporary broadcast
times of all of components rooted at vi . Temporary broadcast time of a vertex
vi , i ∈ {n − 1, ..., 1, 0} is calculated using Algorithm 6.
Observation 7 If u is a root vertex of DFS order in a k-restricted cactus
graph, then b(u) = T (u).
Proof Observation directly follows from Deﬁnition 3.

⊔
⊓

It is clear that if we follow the order of components in the queue Qu , we get
the broadcast scheme of vertex u. Obviously, broadcast schemes for all vertices
provide all information needed for the broadcast scheme of the graph.
Lemma 8 Time complexity of calculating temporary broadcast time of vertices in a cactus graph is O(kk!m + n log ∆).
In the following proof we will need some more notation. Let C(G) denote a
set of all cycle-like components in a k-restricted cactus graph G. For each
cycle-like component Ci ∈ C(G), let dCi be the length of its basic cycle.
Proof (of Lemma 8) Recall that calculating temporary broadcast time of vertices consists of several major steps:
1. First step is to obtain a representation of rooted cactus graph and indexing
vertices in DFS order. It is known (Zmazek and Žerovnik, 2004) that time
complexity of this step is O(n).
2. Second step is, for each vertex, to calculate temporary broadcast times of
individual tree-like and cycle-like components rooted at the vertex, and
then for each vertex calculate lower bound for temporary broadcast time
and arrange components rooted at this vertex by temporary broadcast
times. In particular,
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(a) From Observation 1 we know that temporary broadcast time of a treelike component can be obtained in constant time if we already know
temporary broadcast time of the descendant which is a sole neighbor.
Since we visit vertices in reverse DFS order, this temporary broadcast
time is known. From this we conclude that for calculating temporary
broadcast times of all tree-like components we need at most O(n) time.
(b) Calculating T of a cycle-like component requires more work. For each
cycle-like component Cui we have to calculate values A, B and S. Time
complexity of calculating those values depends on the length of the
basic cycle. For each cycle like component, time complexity is O(dCui ).
Because sum of lengths of all cycles in cactus graph is at most equal
to
∑ number of edges, we conclude that time complexity of this step is
Cui ∈C(G) O(dCui ) = O(m).
(c) Having computed A, B and S, Algorithm 1 and Algorithm 2 are called
twice for every cycle-like component. Time complexity of those algorithms is the same and depends on length
∑ of the basic
∑ cycle and degrees
of vertices on the basic cycle. We need Cj ∈C(G) vi ∈Cj δ(vi ) time for
this computation at vi∑
. Since every vertex can∑
lie in at most k cycle-like
components, it holds vi ∈Cj ∈C(G) δ(vi ) ≤ k vi ∈V (G) δ(vi ). From the
∑
handshaking lemma we know that vi ∈V (G) δ(vi ) = 2m, so the total
time complexity over all vertices is O(km).
(d) For each vertex we have to sort components descending by value T .
Thus for each vertex vi we need at most δ(vi ) log(δ(vi )) steps. The
number of all components in graph is∑
at most equal to sum of degrees
of vertices. And since we know that vi ∈V (G) δ(vi ) = 2m, we can es∑
timate that vi ∈V (G) δ(vi ) log(δ(vi )) ≤ 2m log(∆). We conclude that
time complexity of this part is O(2m log ∆) = O(m log ∆).
(e) Next step is to calculate value Mmin for each vertex. For every vertex the value depends on length of visiting queue. Since the length of
visiting queue is at most equal to vertex degree, for each vertex v we
need
∑vertices we need at most
∑ at most O(δ(v)) time. Therefore for all
δ(v)
time.
As
already
mentioned
v∈V (G) δ(v) = 2m, therev∈V (G)
fore time complexity of this step is O(m).
3. Finally, for every vertex u we calculate temporary broadcast time. Vertex u
is a father of some tree-like components and a root to ki ≤ k cycle-like components. Assume that the number of components in queue Qu is l, where
l ≤ δ(ui ). These components have to be arranged in queue by value T descending. Each sorting of components has time complexity l log l. Overall,
the work requires O(n log ∆) time.
When sorting the components, it can occur that several values have same
temporary broadcast time. For each diﬀerent value T (starting with greatest value) it is necessary to decide which of the cycle-components with that
temporary broadcast time will have to be divided. To do that, we check all
possible orders of cycle-like components, for each order we divide cycle-like
components if necessary and insert remaining parts into Qu to appropriate
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places. Then among all possible orders we choose the best solution. Since
vertex u can be the root of ki cycle-like components, the number of possible orders of components is ki !. Hence for each value of T , Algorithm 1
and Algorithm 4 are called at most ki ki ! times. Algorithms 1 and 4 are
linear and it follows that for deciding which is the best order of cycle-like
components for all diﬀerent values of T in Qu , we need O(kk!m) time.
Hence, for this part we need O(kk!m + n log ∆) time.
Summarizing, as in cactus graph O(m) = O(n) and because above analyzed steps are independent, we conclude that time complexity of calculating
temporary broadcast times of all vertices is O(kk!m + n log ∆).
⊔
⊓
Remark 5 For k-restricted cactus graph, k is ﬁxed and therefore k! is constant.
Theorem 8 Time complexity of calculating temporary broadcast time of vertices in k-restricted cactus graph is O(n log ∆).
Proof Follows from Lemma 8 and Remark 5.

⊔
⊓

4 Broadcast time and broadcast center of a k-restricted cactus
graph
To determine broadcast time of a k-restricted cactus graph, we have to calculate broadcast time of every vertex in the graph. In previous section we already
described how to calculate broadcast time of arbitrary but ﬁxed vertex. If we
repeat the procedure for every vertex in cactus graph, then maximum over
all broadcast times of vertices is the broadcast time of cactus graph. More
precisely, b(G) = maxu∈V (G) {b(u)}.
Observation 9 Broadcast time can be found in O(n2 log ∆) time.
Proof Run Algorithm 6 from each vertex and take maximum broadcast time.
⊔
⊓
Observation 10 Broadcast center can be found in O(n2 log ∆) time.
Proof Run Algorithm 6 from each vertex, take the vertex with smallest broadcast time.
⊔
⊓
The time complexity of calculating broadcast time of a k-restricted cactus
graph in the naive manner described above is O(n2 log ∆). However, as we will
show below, it is possible to calculate broadcast time of cactus graph with
lower time complexity.
In continuation we will explain how to calculate broadcast time of every vertex in k-restricted cactus graph using already calculated temporary broadcast
times of vertices. We assume that we have all information obtained in the ﬁrst
pass of vertices in reverse DFS order stored and we can use them. We will
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traverse the graph in DFS order, so that when calculating broadcast time of
the vertex vi , broadcast times of vertices with smaller indices in DFS order
are already known.
When we calculated temporary broadcast time of a vertex vi , we have calculated how many steps we need to visit vertices and their descendants which
were rooted (or fathered) at vi . In order to calculate broadcast time of vertex
vi we have to calculate how many steps we need to visit remaining part of
graph. To do that, we temporary look at the graph from perspective of vi
(regard vi as temporary root vertex). We can see from this perspective that
when we have calculated temporary broadcast time of vi , we took into consideration all components except one. This is the component which contains
original root (father) of the vertex vi . We will denote this component with
C̄vi . Therefore if we want to calculate broadcast time of all vertices, we have
to calculate temporary broadcast time of component C̄vi for each vertex and
insert it into visiting queue on suitable place.
To calculate temporary broadcast time of component C̄vi we have to know
temporary broadcast times of vertices in this component. Temporary broadcast time of every vertex uj , j ∈ {C̄vi } will be denoted with T̄ (vj ).
Definition 8 Assume that vj is a root (or a father) of vi in original DFS
order. If we remove component which contains vertex vi from visiting queue
Qvj , we get a new queue. This queue is denoted by Q̄vj (−vi ) .
When we were calculating temporary broadcast time of vertices in k-restricted
cactus graph, we saved some important information which we will use to calculate broadcast time of vertices. In particular, we have stored temporary broadcast times and visiting queues of all vertices. In visiting queue of vertex vj Qvj
is stored list of neighbors of the vertex vj which determine local broadcast
scheme of vertex vj . It is also known which of neighbors represents tree-like an
which cycle-like components and that when two elements of the queue lie on
the same component, then this component was a cycle-like component which
was divided during process.
Component C̄vi can be tree-like or cycle-like. Example of the case when the
component C̄vi is tree-like is on Figure 5 and example when the component
C̄vi is cycle-like is on Figure 6.
Since the case when C̄ is a tree-like component is easier to study, we will ﬁrst
show how to calculate broadcast time of vertex vi if C̄vi is a tree-like component.

Definition 9 Let C̄vi be a tree-like component and vj a father of vi in original
DFS order. Then T̄ (vj ) is the result of Algorithm 6 on Cvi rooted at vi .
Remark 6 One could write T̄ (vj ) =Algorithm 6(Cvi , vi ).
Let vj be the father of vi in the original DFS order, therefore component C̄vi
is tree-like component with root vj . We have to calculate temporary broadcast
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Fig. 5 Case when the component C̄vi is tree-like (vj is the father of vi ).

time of component C̄vi . It is clear that T̄ (vj ) tells us how many steps we need
to visit all vertices in graph except those which have vi as one of ancestors.
Consequently, T (C̄vi ) = T̄ (vj ) + 1. The next step is to insert this component
into new Qvi and then calculating broadcast time of vertex vi is simple.
Lemma 9 Let vj be the father of vertex vi and C̄vi be tree-like component.
Then b(vi ) = T̄ (vj ).
Proof We want to calculate b(vi ). Since we temporary look at vi as a root
vertex, vi is a root of all components also rooted at vi in original DFS order
and a root of a new component C̄vi . It would be necessary to calculate new
temporary broadcast time of vi . However, since we already had original Qvi
which contained visiting order of components rooted at vi in original DFS
order, we have only insert component C̄vi on appropriate place and then calculate greatest value together with respectively delay in in queue.
⊔
⊓
Now we study the case when C̄vi is a cycle like component. First we introduce
some more notation.
Let Cv0 be a cycle-like component with root vertex v0 and the other vertices
on the basic cycle v1 , v2 , ..., vl . Then with C̄vi we denote the component rooted
at vi which has the same basic cycle as component Cv0 . More formally,
Definition 10 Let Cv0 be a cycle-like component with the root vertex v0 and
vertices on basic cycle v1 , v2 , ..., vl . With C̄vi we denote a component rooted
at vi for which V (Cv0 ) = V (C̄vi ).
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Fig. 6 Case when the component C̄vi is cycle-like (uj is the root of ui ).

We obtain the component C̄vi from Cvi so that we take the basic cycle of
the component Cvi and redeﬁne the root vertex. Originaly, the root vertex
was vj while in C̄vi the root vertex is vi , another vertex on the basic cycle.
Since we want to calculate temporary broadcast time of the component C̄vi
with Algorithm 5, we need to know new temporary broadcast times of vertices
on the basic cycle (all but the root). Note that for vertices which are neither
the new nor the original root vertex, the temporary broadcast time does not
change. Hence T̄ (Cvj ) is the only temporary brodacast time that is not known
from the ﬁrst DFS run. However, it is easy to see that T̄ (Cvj ) is actually
broadcast time of the vertex vj where we exclude component Cvi . Finally,
observe that T̄ (Cvi ) is actually the broadcast time of vertex vi and can be
calculated taking into account all the components rooted at vi . More formally,
Definition 11 Temporary broadcast time of the vertex v0 of the component
C̄vi is T̄ (v0 ) = max1≤l≤Q̄v (−v ) {Q̄v0 (−vi ) [l] + l − 1}.
0

i

Definition 12 Temporary broadcast time of vertex vj , j ∈ {1, 2, ..., l} on a
basic cycle of the component C̄vi is T̄ (vj ) = T (vj ).
Remark 7 Temporary broadcast time of the component C̄vi can be calculated
by Algorithm 5.
When we calculate T (C̄vi ), we insert it into a new queue Qvi . Then broadcast
time of a vertex vi can be easily calculated.
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Lemma 10 Let v0 be the root of a cycle like component containing vi . If
T̄ (C̄vi ) is known and inserted into Qvi , then b(vi ) = is the result of Algorithm
6 on Ci rooted at vi .
⊔
⊓

Proof Analogous as previously.

In order to calculate broadcast time of all vertices in a k-restricted cactus
graph, we pass through the graph in DFS order. Since we already know broadcast time of the root vertex, we start with the next vertex in DFS order. For
each vertex vi we have to ﬁrst ﬁnd the component C̄vi and then regardless
of the type of the component (tree-like, cycle-like) calculate T̄ (C̄vi ). Finally
we calculate b(vi ) following Lemma 9 if C̄vi is a tree-like component and by
Remark 7 if C̄vi is a cycle-like component.
Lemma 11 Time complexity of finding broadcast time of arbitrary vertex in
k-restricted cactus graph is O(n log ∆).
Proof In second DFS pass through a k-restricted cactus graph we have less
work than we had in ﬁrst DFS pass through the graph, therefore time complexity does not change and it is O(n log ∆). Details omitted.
⊔
⊓
Example 3 We will calculate broadcast time of graph from Figure 1. First,
we determine temporary broadcast of vertices in reverse DFS order. When
we calculated all values T, we already calculated b(v0 ) = 7. Now, if we want
to calculate b(v1 ), we have to calculate T (C̄v1 ). C̄v1 is a component which is
temporary rooted (only for calculating b(v1 )) by vertex v1 . If we follow description in Section 4.3.1, we see that T̄ (v2 ) = T (v2 ) = 1, T̄ (v4 ) = T (v4 ) = 5,
T̄ (v18 ) = T (v18 ) = 0 and T̄ (v0 ) = bv0 (−v1 ) = 2. Then we can calculate
T̄ (Cv1 ) = 7 = b(v1 ) since this is the only component of v1 .
Similarly we calculate all other vertices of graph G. Calculated values of temporary broadcast times and broadcast times of vertices are in Table 1.
vi
T (vi )
b(vi )

v0
7
7

v1
0
7

v2
1
6

v3
0
7

v4
5
5

v5
4
5

v6
2
6

v7
0
7

v8
0
7

v9
0
6

v10
0
7

vi
T (vi )
b(vi )

v11
0
6

v12
2
6

v13
0
7

v14
0
8

v15
0
7

v16
0
6

v17
0
6

v18
0
6

v19
0
8

v20
0
9

v21
0
8

Table 1 Temporary broadcast times and broadcast times of vertices from Figure 1.

Recall that broadcast center of k-restricted cactus graph G is the vertex with
minimal broadcast time. More formally, vBC is vertex for which b(vBC ) =
min1≤i≤n {b(vi )} Broadcast time of graph G is
b(G) = max {b(vi )}.
1≤i≤n
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Corollary 1 Broadcast time of k-restricted cactus graph can be found in
O(n log ∆) time.
⊔
⊓

Proof Follows from Lemma 11.

Corollary 2 Broadcast center of k-restricted cactus graph can be found in
O(n log ∆) time.
Proof Since we can calculate broadcast time of every vertex in k-restricted
cactus graph in O(n log ∆) time, we only have to search for a vertex with
smallest broadcast time. This can be done in O(n) time and consequently
broadcast center can be found in O(n log ∆) time.
⊔
⊓
As we can see from the example above, there can exists more than one broadcast center. Vertices v5 and v6 are broadcast centers and they lie on the same
cycle.
Observation 11 Broadcast center of k−restricted cactus graph is either one
vertex or two end vertices of an edge or more vertices which all lie on the same
cycle.
Examples of graphs with more than one broadcast center are on Figure 7 and
Figure 8.

v1

v14

v13

v12

v2

v11
v5

v3

v4

v8
v10
v6

v7

v9

Fig. 7 Vertices which form broadcast center are v6 , v7 , v13 and v14 . They are on a same
cycle, however they are not all adjacent among themselves.

5 Conclusion
In this paper we have designed an algorithm that determines the broadcast
time from any originator in arbitrary cactus graph and as a side result it also
gives a broadcast scheme of the originator. Time complexity of the algorithm
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v2

v3

v1

v0
v6

v7

v4

v15

v14

v11

v5

v8

v13

v12
v9

v10

Fig. 8 Vertices which form broadcast center are v0 , v4 , v15 . The broadcast center is a path
on three vertices on the central cycle.

is O(kk!m + n log ∆), which is polynomial on k-restricted cactus graphs. Unfortunately, the algorithm has superpolynomial time complexity on the class
of arbitrary cactus graphs. Existence of a polynomial time solution of the
problem on cacti thus remains an open problem.
We also provided an algorithm which ﬁnds the broadcast time of any vertex
of a cactus graph and runs within same time complexity. As a side result,
broadcast center of the k-restricted cactus graph and optimal broadcast scheme
from every vertex is obtained. Our main result is that this algorithm has the
same time complexity as computing broadcast time of only one vertex, i.e.
O(n log ∆) on k-restricted cactus graphs.
Finally, considering several examples, we observed that the broadcast center of a cactus is always either a vertex, an edge or several vertices on a single
central cycle. We did not attempt prove Observation 11, though we believe
that the proof is probably not too diﬃcult. However, besides formaly proving
the observation, it would be interesting to analyze in more detail the possible
conﬁgurations of broadcast centers of a cactus graphs.
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B. Zmazek, J. Žerovnik, Estimating the traﬃc on weighted cactus networks in
linear time. International Conference on Information Visualisation, 536–541,
(2005).

